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| PREFACE '

The ongoing Global Pandemic Covid-19 that has engulfed the entire world has changed every
sphere of our life. Education, of course is not an exception. In the absence of Physical Classroom
Teaching, Department of Intermediate Education Telangana has successfully engaged the students and
imparted education through TV lessons. The actual class room teaching through physical classes was
made possible only from 1st February 2021. In the back drop of the unprecedented situation due to the
pandemic TSBIE has reduced the burden of curriculum load by considering only 70% syllabus for class
room instruction as well as for the forthcoming Intermediate Public Examinations May 2021. It has also

increased the choice of questions in the examination pattern for the convenience of the students.

To cope up with exam fear and stress and to prepare the students for annual exams in such a
short span of time , TSBIE has prepared “Basic Learning Material” that serves as a primer for the
students to face the examinations confidently. It must be noted here that, the Learning Material is not
comprehensive and can never substitute the Textbook. At most it gives guidance as to how the students
should include the essential steps in their answers and build upon them. I wish you to utilize the Basic
Learning Material after you have thoroughly gone through the Text Book so that it may enable you to
reinforce the concepts that you have learnt from the Textbook and Teachers. I appreciate ERTW
Team, Subject Experts, who have involved day in and out to come out with the, Basic Learning Material

in such a short span of time.

I'would appreciate the feedback from all the stake holders for enriching the learning material

and making it cent percent error free in all aspects.

The material can also be accessed through our websitewww.tsbie.cgg.gov.in.

Commissioner & Secretary

Intermediate Education, Telangana.
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Unit 1

\ Complex Numbers l

A complex number is an ordered pair of real numbers(a, b). The set of all complex numbers is
denotedby C={(a, b)/a €R, b eR}=RxR

Note:- 1) Z=(a,b)=a+ibwhere ;=1 or;2=_]

1) If(a,b)=(c,d)=> a=c;b=d

iii) Addition :-1fZ =(a, b) and Z,=(c,d) then
Z+Z,= (atc, bt+d)

iv) IfZ=(a,b)then—Z=(-a,-b)

v) Subtraction :-IfZ =(a, b) and Z,=(c,d) then
Z~7,=(a—c, b—d)

vi) Multiplication :-
IfZ =(a, b) and Z =(c,d) then
Z.7,=(a,b).(c,d)= (ac - bd, ad + bc)

vi) Division :- o = (a, b), p =(c, d) & B # (0, 0) then

g_[ac+bd bc—adj
c+d*’ P +d?

p

vi) If B #(0,0) and if B =(a, b)) then multiplicative inverse of f is

SRAPES
a+b’ a’+b’

Conjugate of a Complex number :

For any Complex number Z =a+ ib, we define the conjugate of Zis Z = a — bi

Note: If o, B €C, then

(i) o +B =a +P, i) a.p =a.p, iii) §=a, iv)If B # 0, then (OW) =(;/B
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Square Root of a Complex number :

Sol.

Sol.

Sol.

Sol.

Sol.

Sol.

If Z=a+ib, the square root of 'Z' is defined as

[ 2 32 [ 2, 12
i\/aJrzb +a+i\/a+2b a i b>0
Z%orx/?:\/aﬂ' = - Z
[ 2,32 [ 2, 32
i\/aJrzb +a_l,\/a+2b a i <0

VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)
IfZ =2, -1),Z,=(6, 3),findZ - Z,
7 =2, -1),Z,=(6, 3)
Z-7,=2-6,-1-3)=(-4,-4).
Write the additive inverse of (- 6, 5) + (10,—4)
(-6,5)+(10,-4)=(4,1) =4 +1.

Additive inverse=— (4 +1)=— 4-1.

If Z=(cos 0, sin 0), then find z —l.
z

z=(cos0, sinf) =cosO +1sin O

l_ 1 cosO—isin® cosO—isin0

=cos0—i sin 0

= X =
. . . . 2 .2
z cosO+isin® cosO—isin® cos”O+sin” O

Now z—l:(cose+isin6)—(cose—isine) =cos0+isin® —cosO +isinO
z

=2isin0 = (0,2sin0).

Write the multiplicative inverse of (3, 4).

3 -4 3 4
Multiplicative inverse of (3, 4) is , = —, —|.
ultiphcative inverse of (3, 4) (3%42 32+42j (25 25)
Write the multiplicative inverse of (7, 24).
o ‘ 7 =24 )\ (7 24
Multiplicative inverse of (7, 24) is 7042 T od 625" 635 )

IfZ,=@3,5) and Z,=(2,6)find Z, . Z,.
(a, b).(c, d)=(ac-bd, ad+bc)
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Z,.2,=(3, 5).(2, 6)=(6-30, 18+10)=(-24, 28)
i.e., (3+51)(2+6i)=-24+28i
7. 1fZ,=(6,3), Z,=(2, -1) then find Z, /Z,

bd bc—ad
Sol. Ifoc:(a,b),B:(c,d)theng=(ac+ < ")

B c+d’’ F+d’
é_[12—3 6+6j_[2 2) 9 12
z, U4r1a+1) \575) orgts?

8.  Write the complex number (2 — 3i) (3 + 4i) in the form A +iB.

Sol. 2-3))3+4)=6+8i-9i+12=18-i=18+i(-1).

9.  Write the complex number of 3(7 + 7i) + i(7 + 7i) in the form A +iB.
Sol. 3(7T+7i)+i(7T+7T)=21+21i+7i —7=14+28i.

4+3i

10. Write the Complex number

4+3 B 443

Sol 2 3i)4—3i) 8—6i+12i+9
_4+30
17+ 6i

_ (4+30)(17-6i)  68-24i+51i+18
(17+6i)(17-6i)  289+36

864271 86 27

= + i
325 325 325

2+5i 2-5i
+

3-2i 3+2i

2450 2-5i _(2+5)(3+20)  (2-5)(3-2i)
3-2i 3+2i (3-20)(3+2i) (3+2i)(3-2i)

11. Write the Complex number in the form of A+iB

Sol.

B 6+4i+15i—10+6—4z‘—15i—10
9+4 9+4

_A4190 —4-19i
13 13
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 —4+19i-4-19
13

-8
=—+i(0
5 O

12.  Write the Complex number ;" in the form A+iB

=0+1.1

13. Write the conjugate of the Complex number (3 + 4i)
Sol.  Conjugate of the Complex number (3 +41) is (3—41).

si

14. Write the conjugate of the Complex number 7—:1
5i  5i(7-i) _35i-5i°

T+i (T+i)(T-i) 7 =i’

Sol.

_35i+5  Ti+l 1+7i
50 10 10

Complex Conjugate number is
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15. Write the conjugate of the Complex number (2 + 5i)(-4 + 6i).

Sol.  (2+5i)(—4+6i) = —8+12i —20i +30 =

=22-8i.  Its Complex Conjugate =22 + 8§i.

16. Simplify i* +i* +i° +.......2n +1) terms
Sol. P +it=-1+(-1)>=0
Similarly i +i* = (i*)’ + (i*)* =0
Sum of any two consecutive terms is zero.
. lastterm = (1’2)2"+l = (—1)2"+l =-1
P+t i+ +(2n+1) terms = -1

17. Write the multiplicative inverse of i

| A
= . . = l
—i
a—ib
a’+b*
. . . . oy . _l.
. Mulitplicative inverse of '1' is (1) ==

Multiplicative inverse of a+ib is :

Problems for Practice

@i  Write the Complex numberis ;° the form ofA+iB

()  Write the Complex number (-1)(21) inthe form ofA+iB

Ans: 0+i1.1
Ans:2+1.0



6 Basic Learning Material - Maths II(A)

SHORT ANSWER TYPE QUESTIONS (4 MARKS)
1.  Find the square root of 7 + 24i.

Sol:- Let /7 +24i =+(x+iy)

N7 +24° +7 N7 +24° -7
\/7+24i=iN ;! 2

:J_{\/%”\/g] ==+(4+3i)

2. Showthat ——— ana 2111 jugate to each oth
. ow tha 1-2i) an 25 are conjugate to each other.
2—-1  2-i
Sol- 121y " 147 —4i
o 2-i
—3—4i
_ (2-i)(3+4) —6+8i+3i—4
(=3-4i)(=3+4i) 9+16
2411 —_2+&
25 25 25
Tts Con =2 1l 2-11
ts Conjugate 1S 25 25 25
2—1i -2-11i .
m and s are Conjugate to each other.
1+i)"
3.  Find the least positive integer 'n', Satisfying ﬁ =1

I1+i  (1+i)(1+iQ)

Sol 1 T U=+
(140

T (1+))

142420
2
_1—l+2i
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. The least positive integer 'n' such thati" =1 is 4

1
4. Ifx+iy= —— then, Show that 4x” -1=0.
1+Cos0+iSin0
Sol. x+iy= !
o y_1+C0s6+iSin6
1

2Cos’ o +i(2)Sin Q.Cos v
2 2 2

1

2C0S9 CongriSin 9
2 2 2

Cosg—iSin9
2 2

2C0SG[C0S g+iSin 9] [Cos 9 —iSin 9]
2 2 2 2 2

Cosg—iSin9
2 2

2Cos e(Cos2 Q + Sin? 6)
2 2 2

Cosg—iSin9
2 2

2C0s9
2

iTan—

2

X+iy=—-—
773

1
Equating real parts x = )
= 2x =1, Squaring on both sides
= 4x* =1

—4x*-1=0

. 3 2 2
. +iy = w +y =4x-3
5 If x+iy 3 +Cos0 1S 8 then, Show that x* +y X

3
2+ Cos0 +iSin0

Sol. x+iy=
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3[(2+ Cos0)—i Sind |
[(2+ Cos0)+iSind |[ (2+ Cos0)—i Sind |

_ (6+3CosB)—3i Sinb
(2 + Cos@)2 +Sin’0

B 6+ 3Cos0 — 3i Sind
4+ 4Cos0 + (Sin’0 + Cos’0)

_ 6+3Cos0 —3i Sind
5+4Cos0

o _6+3Cos _ i(35Sind)

* 5+4Cos0 5+ 4Cos0
Equating real and imaginary parts x = 6+3Cos __—35inf
q & ginaryp  5+4Cos0’ y_5+4COSO
L.H.S:- x2 —|—y2
~ [6+3Cos6)2 +( ~3Sind ]2
5+4Cos6 5+ 4CosO
B 36+9C0s°0 + 36CosO N 9Sin’0
(5+4CosB)’ (5+4Cos8)’
_36+9Cos°0 +9Sin’0 + 36Cos0
(5 + 4C0SG)2
36+ 36C0s0 + 9(C0s26 +Sin’0 )
- (5 + 4C0s9)2
_ 45+36Cos0
(5 + 4Cos(9)2
_9(5+4CosH)
(5 + 4C0s9)2
B 9
(5 + 4COS6)
RH.S:- 4x-3

:4[6+3C056j _3
5+4Cos0
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_24+12 Cos0 —15-12Cos0
(5+4C0s9)

9
(5 + 4COS9)

S LHS.=RHS.

6. If z=3-5i, then show that z* — 102> + 58z — 136 = 0.

Sol. z=3-51=z-3=-51
=(z-3)=(-5i)
=72-6z+t9=-25
=7-62+34=0.

72— 102>+ 58z - 136 = 2(z* — 62+ 34) — 4(z* — 6z + 34)

=27(0)-4(0)=0.
2isi
7.  Find the real values of 0 in order that w isa
1-2isin0
(a) real number (b) purely imaginary number
Sol- 3+2isin6
o 1 2isin6

(3+2isin0)(1 + 2i sinB)
~ (1-2isin0)(1+ 2i sinb)

3+4i*sin” 0 + 8 sind
B 1+ 4 sin’0)

3—4sin’0 8sin0
= ' + ——

1+45sin’0 1+ 4sin’0
Ifthe gi ion i ly real th Ssmb__
a) e given expression is purely real then 1-— "= 54
=sinf=0=>0=nmt,nez
. . L 3—4sin° 0
b) Ifthe given expression is purely imaginary then = —————
1+4sin"0

=3-4sin’0=0

= sin’0 _3
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2
—=sin’ 0 =(£J =sin? (E
2 3

T
=0 =nn ig,nez

N—

Problems for Practice

(1)

(ii)

(iif)

Find the Square root of-8-61

Ans: +(1-3i)

r—a)

(
Hint : Here b=-6<0, ifb<0,thenx/a+ib=ik\/r;a—i\/ 5 J

Find the square root of (-5+121)
Ans: £(2 +3i)
Hint : Refer Ex.3 from page 14 of text book

2+11i -2+ .
Show that Z,= , L,= —- are Conjugate to each other.
25 (1-21)

Hint: Refer Example '2' from page No. 13 of text book.



)

2)

3)

4)

5)

6)

7)

8)

Sol:-

Sol:-

Unit 2

‘ De Moivre's Theorem l

De moivre's Theorem for integral index :- For any real number 'g' and any integer 'n’,
(Cos® +iSin6)" = Cos(n0 )+iSin(n0)
(CosB +iSin6 ) is also written as 'Cis0 '

(Cos +iSin®) " =Cosn6 —iSinn6 , Where 'n'is an integer.

. 1 _ 1
cos0 +1isin0 = os0 _ismp and cos0 —isin® =

cosO —1isin cosO +1sin0

1

(Cosd ~iSin0 )" = (Cose 1iSin®

j =(Cos6 +iSinG)_n =CosnO —iSinn® Where

n 1S an integer.

CisB.Cis¢p = Cis(0 +¢ ) forany 0, ¢ e R

~1+iV3 , —1-i\3
2

Cubic roots of unity are 1,,c> Where ® = — and ®

l+o+0?=02and ¢’ =]

VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

If A, B, C are the angles of a triangle and x = cis A, y = cis B,z = cis C find the value
of xyz.
xyz =cis Acis Bcis C =cis(A+B+C)=cosm +isint =—1.

wxyz =-—1
¢ 1
If x=cos0+isin0, find X +?.

1 .
x° =(cos0+isin®)® =cos60 + isin60 and F=cos69—lsm69~

1
ooxt +—=2cos 60.
X
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Sol:-

Sol:-

Sol:-

Sol:-

Sol:-

If |,m,w” are the cube roots of unity, then fine the value of (1-» +®?)*

(lI—0+0’) =(1+0*-0) =(-0 -0)’ =(20)’ =—8w’ = -8

If ,m,0” are the cube roots of unity, then fine the value of (1+®)* + (1+®?)’
(1+0) +(+0") =(-0*) +(-0) =—(©") ~o’ =-1-1=-2.

Find the cube roots of '8' ?

& <[00 =07 =(2) 1)

= 2(1)5

=2(1), 2(®),2(w°)

. Cube roots of '8' are 2, 20, 20>

Find the value of (1 + i\/§ )3

1+i\/§:2 l+i£ =2 c0s£+isinE
2 2 3 3

(1+z\/§)3 :{2(cos%+isin%ﬂ =2"[cosm +isinm | =8[-1+i(0)]= -8

SHORT ANSWER TYPE QUESTIONS (4 MARKYS)

(Cosoz+iSin0z)4
Simplify (Sinp+iCosp)’
(Cosa +iSinoc)4 3 (Cosa +1'Sinoc)4
(SinB+iCosB)’  (~i*SinB +iCosp)’
(COSOL+iSin(X)4
[i( CosB—iSinB)]8
(Cosa+iSina)’
(i)g( Cos B —iSin [3)

8

:(Cosa +iSinoc)4( Cos —iSinB)f8 ('-'ig = (i2)4 = (_1)4 = 1)
= (Cos 4o +i Sin 4a)( Cos 8B +i Sin 8p)
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Sol:-

Sol:-

Sol:-

= Cos(4o.+8B)+iSin(4o+8B)  or
= Cis(4a +8[3)

Find the value of (1-i)°
Let g+ib=1-1i
—a=1b=-1,a’ +b :\/(1)2+(_1)2 =2

(1-0) = {\5 [%) }:
- (- )

= (V2] (Cos4s* ~isSinas’)

=2*[ Cos(8 x 45) i Sin(8 x 45) | =16[ Cos (360°) —i Sin(360°) | =16[1-i(0)] =16

(V3 i) ﬁ\s
2

5 .
Find the value of kT +5) ( % J

( N N

£+i (B =(Cos30°+iSin3O°)5—(Cos30°—iSin3O°)5

2 2J kz 2J
=(Cos150°+iSin150°)—(Cos150°—iSinlSOO)
=Cos150° +iSin150° — Cos150° +i Sin150°

=2i Sin150° { Sin150° = Sin(l80” -30) = Sin30° = ﬂ

~2i( L=

2

If 1, ®, »* are the cube roots of unity, then find the value of
(1-0)+(1)2)5+(1+0)-(!)2)5

If 1, ®, o> are the cube roots of unity, then | +® + > =0 and 3 = |
(l-oa +(02)5 +(1+0)-(02)5 :[(1+w2)—®]5+ [(l+m)—m2]5

:[—0)—03]5+ [—032 —mzjs

(-2 [0’ +0"]

=—32[0)3.c02 +(033)2. (o}
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=—32[032+03] =1
=-32[-1] clto+o’ =0
=32

-. The value of(l-(o +c02)5 +(l+co -032)5 1s32

S. If o, are the cube roots of unity, then prove that
1 1 1
i) + =
1+20 2+0 1+

ii) 2-0)2-0")2-0")2-0")=49

. SN NS WPUURS VNS B
ol= 1) 1420 240 l4+o 1420 2+0 l+o
1 1 1 1+20+2+® 1
LHS. = =

+ — — —
1+20 2+ I+o (1+20)2+0) (I+o)

B 3+3m R 3(1+m)
2440+ +20° -0 2+20+20° +3w0

1
(1)2
2
_ 3(1+w) rpe©
3w (0]

i 2-0)2-0")2-0")(2-0")=(2-0)2-0")2-0)2-0")

+o=-0+0n=0.

=(2-0r(2-0") =[2-0)2-0")] =[4-20"~20+0]
=[5-2(0> +o)] =[5-2(-DF = (5+2)* =49
6. If 1,0,m” are the cube roots of unity, then find the value of
(1-o)1-0)(1-0")(1-0")
St (1-@)(1-0")(1-0*)(1-0") = (-e)(1-0")(1-o)(1-o")

=[(~0)1-0)] =(-0-0" +o’) =(2+1 =9.

LONG ANSWER TYPE QUESTIONS (7 MARKS)

1. If 'n' is an integer show that (1+i)™ +(1-i)*™ =2""Cos (%j .

Sol:- Letl+i=a+ib=a=1b=1and ;2 +p> =/1+1=2
n(1+1)”
4 ()
(1+)" =(+2) 7
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ﬁ
=22

[;,-Lf”
NERRNG
2n
=2" [C0s£+iSin£]
4 4

+1Sin

2 2
=2”(C0s nm nnj

\2n n nm ... nm
(1) =2 (COSTHS”??] ................................ @)
Letl-i=x+iy=>x=1, y=—1and Jx* +y* =1+ :\/5
(1_1')2":(\/5)2” [E)Zn
V2
2n 2n
2 2

2n
=2" [Cosl—iSinlj
4 4

=2" [Cos 2nm —iSin 2’”[)
4
nm nm
0s 5 toin ) s (11)
Adding (1) & (i1)

(1+i)2 + (1= = 2" (Cosﬂ+iSinﬂ] 42 (cosﬂ—ism ﬂj

2 2 2 2

=2" CosﬂJriSinﬂJr Cosﬂ—iSinﬂ

2 2 2 2

=2" {2. Cos ﬂ}

2
. nm
=2" lCOST =R.H.S Hence Proved.

n+2
2. If 'n' is a positive integer show that (1+i)" +(1-i)" =2 2 Cos(nTTE .

Sol:- Letl+i=a+ib=a=1,b=1and Vo’ +b> =1+1=~2

Now (143 =4 ()
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- ()

(V2) ((cosZ +isinT)

P nmw nw
S(1+7) =22 [Cos—+iSin—j i
(1+) y 7a) P, Q)
Letl-i=x+iy=>x=1, y=-1and \/x* +y* =/1+1 -2

Now (11" =(v2) [%]

=22 [Cosz—iSinz)
4 4

2 nm nm
S(Q=-D"=22 [Cos——z'Sin—] i
(1-i) 7 2 (i
Adding (i) & (ii)
(i) + (1Y = zz[c()sﬂﬂsmﬂj +2z[c0sﬂ_l-smﬂj
4 4 4 4
:22(COSﬂﬂ-sm&cOsﬂ_ismﬂj
4 4 4 4
zzz(z.cosﬂj
4

= 2EH Cosﬂ
4

n+2
nm

=22 COST = R.H.S. Hence Proved

3. If o, B are the roots of the equation x*—2x+4=0 then for any n <N, show that

a"+p"=2"" cos(”—nj-
3
Sol:- x*-2x+4=0=>x=

+ _
26y, g,

Let o =1++/3i, B = 1—/3i
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Sol:-

2 2 2

o +B" = (1+/30)" +(1-~3)" {2[%+£iﬂn +{2(l—£z}]n

n

; T .. 7n) , T .. T
=2 (cos—+zsm—j +2 [cos——zsm—j
3 3 3 3

nm .. nmn nmo .. Hm nm nm
=2"| cosS— +isin— + cos— —isin— | =2".2cos— = 2" cos—.
3 3 3 3 3 3

2n

. n 77" -1
If 'n'is an integer and Z = Cis9, [9 #(2n+ 1)5) > then show that ANl i Tan(no)

Given Z = Cis(0) = Cos 0 +i Sin6

Z" -1

Z7"+1

3 (Cos@ +iSin9)2"—1

- (COSG +iSin6)2" +1

_ Cos2n6 +iSin2n6 -1
Cos2n0 +iSin2n0 +1

_ —[1—C0s2n9]+iSin2n9
[1+C0s2n6]+iSin2n6

2 Sin°n® +i(2)Sinn0.Cos nd
2Cos *n0 +i(2) Sinn®.Cos n

L.H.S:-

_ 2i°Sin’n0 +2i Sinn®.Cos n0 P
2Cos *n0 +2iSinn®.Cosn® ("l __)

3 2iSinn0 [Cosn@ +iSinn9]
" 2Cos n0 [Cosn@ +iSinn6]

=iTan(n®) = R.H.S. Hence Proved.
If'n' is an integer than show that
no

1+Cos0+iSin0)" +(1+Cos0-iSin0)" =2""Cos" 9 Cos| —
( )+ ) S| Cos| =

Sol:- L.H.S:- (1+C0s9 +z'Sin9)n +(1+C0s9 —iSinG)n

reo(8)ersSJon( Q] (@) Ye(3)]
- o (U oo sn(2)] o (& cos( &) -2
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=2"Cos" (9] [Cos [9) +1iSin (ED +[C0s (9] —iSin [ED
2 2 2 2 2
=2"Cos" (9] Cos(ﬁj +iSin(n—ej +C0s[ne] —len(nej
27| 2 2 2 2
=2"Cos" (9] 2C0s( 6]}
27| 2
=2""Cos" [ ] ( ] R.H .S. Hence Proved.
6. If 1, ®, o are the cube roots of unity, prove that
J-0+0)+l-0’+0)=128=(1-0+0’) +(1+0 -0*)’
Sol- (I—0+0>)°+(1-0>+0)° =(-0-0)° + (-0’ —0*)° =2°(0° +»")
=2°2)=128 (1)
(lI-0+0°) +(1-0-0") =(-0-0)" +(-0’ -0*)’
=(-2) (0" +0") =(-2) (0 + ©).
=(-128)(-H=128 ... )
From (1) and (2)
(I-o+0’) ' +(1-0’+0)’ =128=(1-0+0°) +(1+o-n’)’
7. If 1, ®, ®” are the cube roots of unity, then prove that
(x+y+z)(x+yco Jrzoaz)(eryoa2 +z0)) =x*+y'+7 -3z,
Sol:- Giventhat |, @, @ are the cube roots of unity

o+’ =00+’ =-lando’ =120’ =0’.0 =lo

Consider (x+yoo +zoo2)(x+y0)2 +zoo)

LH.S:-

=X+ Xx00° + X200 + Xym + Y0 + yzo’ + xz0” + yzo ' + 2o’

=x"+(xy+yz+zx)o +(xy+yz+2x)o’ + p* + 2°

=x2+y2+22+(xy+yz+zx)((o +0°)

=x"+y +z —xy—yz—zx (.‘.co+c02 :—1)

(x+y+z)(x+yc0+zco2)(x+yco2 +zoo)

:(x+y+z)(x2+y2+22—xy—yz—zx)

=X +y +2 -3xyz=RH.S.
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| Quadratic Expressions l

= ax’+ bx + cis a Quadratic expresion.
Ex: 3x?+2x+7, 3x* —7 are quadratic expressions.
=  ax’+bx+c=0isaQuadratic equation.
Ex: 3x*+2x —5=0, 3x*+2 =x+7 are quadratic equations.

—-b++/b*—4ac

2a

>  Theroots of the quadratic equationax®*+ bx +c=0 are

> Discriminant: A = b* —4ac
Nature of the roots of a quadratic equation

Let a,B be the roots of the quadratic equation ax’® +bx +c = 0,, where a, b, ¢ are real
numbers.

-b
Case(i):- A=0=a=p= a (arepeated root or double root of ax” +bx +c=0)

Case (i) :- A>0< a and f arereal and distinct

Case (i11) :- A < 0 <> a and [ are non real conjugate complex numbers.

Let a, b and c are rational numbers, o and 3 are the roots of the equation gx? + bx +c=0-
Then

(1) «, P areequal rational numbers if A = (

(i1) a, P aredistinct rational numbers if A is the square of a non-zero rational number

(111) o, B are conjugate surds of A > () and A is not the square of a rational number.
Relation between coefficients and roots of a quadratic equation

Let avand B be the roots of the quadratic equation ax” + bx +¢ =0

Sum of'the roots

_ —b++b’—4ac . —b-+b’—4ac -2b -b
2a

o+ __
B 2a 2a
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Product of the roots
up (—b+b’ —dac)(-b—+b?—4ac) (b —(b’—4dac) dac ¢
L 2a J L 2a J 4a’ 42> a
=  If a, B are the roots of ax*+ bx + ¢ =0, then the equation can be written as
a(x2 —(oc+[3)x+oc[3) =0
ie., a(x —OL)(X —B) =0
Common root :

A necessary and sufficient condition for the quadratic equations a,x* +b,x +¢, =0 and

2 : 2 _
a,x” +b,x+c, =0 tohave acommon root is (cla2 —czal) = (alb2 - azbl)(blc2 —bzcl)

Some Properties of quadratic equations :

(1)

(ii)
(1)
(1v)

Let f(x) = ax” + bx + ¢ = 0 be a quadratic equation and a3 are its roots. Then
1

1 1
If ¢ 20 then af =0 and f[;] =0 isan equation whose roots and p and B

f(x —k) =0 is an equation whose roots are ¢ + k and B +k

f(—x) = 0 is an equation whose roots are —o. and —f

X . .
f(E) = 0 is an equation whose roots are kg, and k3

Sign of quadratic expressions

()
(ii)

If o and P are the roots of the quadratic equationax” + bx + ¢ = 0 with o < 8, then

for oo < x < B, ax” + bx + ¢ and a have opposite signs

for x <o or x >, ax’ + bx + ¢ and ahave the same signs.

Let a,b,c eR and g = (. Then the roots of 3x2 + bx + ¢ = 0 are non-real complex numbers
ifand only if gx2 4 px + ¢ and ahave the same sign forall x ¢ R

Let a,b,c eR and 3 = (). Ifthe equation gx2 + phx + ¢ = (0 has equal roots, then gx2 4+ px + ¢

and a have the same sign for all real x, except forX = e

Maximum and minimum values

If a,b,c e R and a<0, the expression gx2 + bx + ¢ has maximum at X = e and the maximum
_ dac—-b*
valueis ———
a _
If a,b,c e R and a>0, the expression gx? + bx + ¢ hasminimum at X = e and the maximum
_ 4ac—Db?

value is
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VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

1. Form a quadratic equation whose roots are 2, 5.
Sol:- Rootsarea=2,B =35
atP=2+5=7,aB=2x5=10

Required equationis x* — (ot + B)x +ap =0

=x’-7x+10=0

_ ) m n
2. Form a quadratic equation whose roots are -~ (m=#0,n=0),
m n
Sol:i- Rootsarea=—,f=——
n m
m n m’-n’
n m mn

or- (Gl

Required equationis x> — (ot + B)x +af =0

22
sz—(m n jx—1=0
mn

= mnx’ —(m° —n*)x —mn =0
3. Form a quadratic equation whose roots are 2 + V3 and 2-+/3.
Sol:-  Let . =2++/3 and p=2-+/3

Now, oc+[3=(2+\6)+(2—\6)=4
op=(2+3)(2-3)=4-3=1

A quadratic equation having roots o.andf3 is of the form x* — (o, + B)x +af =0

. The required equationis x> —4x +1=0.
4. Form a quadratic equation whose roots are 23-5 and 243-5,
Sol-  Let ¢ =2+/3-5 and p=-23-5

Then a+B =243 -5+(-243-5) =10

and af =(2V3-5)(-243-5) =-12+25 =13

Therefore x> — (o +)x + o = 0 becomes

x> = (-10)x+13=0=>x*+10x+13=0.
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Sol:-

Sol:-

Sol:-

Sol:-

Find the roots of the equation —x> +x+2=0.

b++/b*—4ac
2a

The roots of the quadratic equation ax”> +b+c =0 are —

Here a=-1, b=1, ¢c=2

.. Theroot of given equation are

1P —4(-1)Q2) —1+/1+8

2(-1) -2

“1+49 143 -1+3  -1-3
= = = or =—lor2
-2 -2 -2 -2

Find the roots of the equation 4x? -4x +17 = 3x2-10x-17
4x* —4x+17=3x>-10x-17=>x* +6x+34=0......... Q)]

b++/b* —4ac

2a

—6+./36-4(1)(34)

2(1)

_ —6+-100 -6+10i
2 2

=-345i, —3-5

The roots of gx? + bx + ¢ = () are —

Herea=1, b=6,c=34

.. Theroots of given equation are

Hence the roots of the given equation are —3 + 51, —3 — 5i
Find the discriminant of the quadratic equation 2x” —5x + 6 = 0.
Discriminant A = b* —4ac = (=5)° —4(2)(6)
=25-48=-23
Find the natural of the roots of quadratic equationx’ -12x+32=0.
For quadratic equation x* —12x+32=0, A=(-12)"-4(1)(32)=144-128=16>0
A >0 = theroots of given equation are real and distinct.
Furthera=1,b=-1 and ¢ = 32 are rational and A =16 is the square of non-zero rational
number 4.
.. Theroots are distinct rational numbers.
If are the roots of the equation ax’+bx+c=0, find the values of the following

expressions in terms of a, b, ¢

-b c
From the hypothesis o + B = . and off = N
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(D

(i)™

(iif)
(iv)

V)

(vi)

(vi)

10.

Sol:-

L+i_[32+(x2 :(a+B)2—2aB:(‘%)2—2%
T N P
(byz) 2/ b* - 2ac
VA

o +p* =(o+B)’ —2(ap) =(‘—b]2 —2[‘3) i_ﬁ_ b’ —2ac

a a a a

(13+B3 :((X+B)(a +B OLB)
(ot )t B)* 2B~ = (ot B)(ct +B)* ~3sp)

[__bjz _32} _-b [E_E} _ 3abc—-b’

a) ala’ a IE

_(ET 3abc—b’
a a’
_ be*(3ac-b?)

7

(%_%]2 :focza—ﬁfz]z _ :(OHBléoc—B)T _ (Ot+12;§;—l3)2

-<( //)> oty ) [(2) o] B ] Ml

c a
a2+B2 _a2+B2 _a2+B2_ 2
e R W s ;
a2 BZ U,ZBZ
Prove that the roots of (x-a)(x-b)=h’ are always real.

(x—a)(x—b)=h>=x*—(a+b)x+ab-h’=0

A=[~(a+b)] ~4(1)(ab—h*)=(a+b)" ~4ab+4h’ =(a—b)" +(2h)’ >0

A > (0 = roots are always real
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6. Find the maximum or minimum of the following expressions as x various over R.

(i) x*-x+7 and (ii) 2x-7-5x>
Sol:- (1) x2—x+7

Comparing the given expression with gx2 + hx + ¢

wehavea=1,b=-1,c=7

4ac—b> 4)(D-(-1)* 28-1 27
50 T A1) 4 4
: . 27

Sincea=1>0, x2? _ x + 7 has absolute minimum value 7

(i) 2x —7 - 5x°
Sol:-  Comparing the given expression with gx2 + bx + ¢

we have a=-5,b=2,c=-7

4ac—b>  4(-5)(-7)-(2)° 140-4 -136 -34
S0 T 4(=5) 20 20 5
-34

Since a=-5<0, 2x - 7-5x* has absolute maximum value ?
Problems for Practice
@) Find two consecutive positive even intigers, the sum of whose squares is 340.

Ans: 12,14
(i1) Find the maximum or minimum of the following expressions as X various over R.

32
(@) 3x2+2x +11 Ans:- minimum value 3
(b) 12x=x2=-132 Ans:- maximum value =4
SHORT ANSWER TYPE QUESTIONS (4 MARKYS)

1. For what values of m, the equation x” -15-m(2x-8) = 0 will have equal roots ?
Sol:-  The given equation can be written as x2 — 2mx + 8m — 15 = (0 Will have equal roots

then A =b* —4ac=0
Here A =0= (—2m)* —4(1)(8m—15) =0
= 4m’ -32m+60=0
=>m’-8m+15=0
:>(rn—3)(m—5)=0

=>m=3orm=>5



[ Quadratic Expressions | 25

2. For what values of m, the equation x* + (m + 3)x + (m + 6) = 0 will have equal roots ?
Sol:-  The given equation can be written as x* + (m +3)x + (m + 6) = 0 will have equal roots
then A = b”> —4ac =0
Here A=0= (m+3)*—4(1)(m+6)=0
=m’+6m+9—-4m—-24=0
=m’+2m-15=0
= (m+5)(m-3)=0
> m=-50or m=3
3. If x2-6x+5=0 and X’ -12x+p = 0 have a common root, then find p.
Sol:- Let o be the commonrootof x2-gx+5=0 and x*-12x+p=0
Then o2 —6a+5=0-
=(a-1)(a-5)=0=a=1lor5
If g =1then o’ ~12a+p=0=>1-12+p=0=p=11
If o =5 then o> —1200+p=0=25-60+p=0=p =35
Sp=11lor35
4.  If the quadratic equations ax’+2bx+c=0 and ax’+2cx+b=0 (b=0) have a
common root than show thata+4b+4c =0
Sol:- Let a, be the common root of ax” +2bx +¢ =0 and ax” +2cx+b =0
Then aa* + 2ba+ ¢ =0............ (1) ao” +2cx+b=0........... 2

H)-(2)=(2b-2¢c)a+c—b=0

:Z(b—c)a:b—c:O:a:%

1
substituties 0. = 5 in (1), we get

1’ 1
a(E] +2b(5j+c:0:>%+b+c:0:>a+4b+4c:0

Problems for Practice

@) For what values of m, the equation x*-2(1+3m)x +7(3+2m) = 0 will have equal roots?

Ans:- m:_Tloor2

() Ifx’-6x+5=0 and x* —3ax +35=0have acommon root, then find a.
Ans:- a=4orl2
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@

Sol:-

Sol:-

LONG ANSWER TYPE QUESTIONS (7 MARKS)

Determine the range of the following expressions

x2+x+1
x?-x+1
X2+ X+1

Lety=—5""
ety X2 —X+1

= y(X* = x+1)=x* + X +1
=Xy —Xy+y=x"+x+1

= (y-N —(y+)x+y-1=0
~XeR,A=b?*-4ac>0

= [-(y+1)]" -4(y-N(y-1=0
(Y + 12— 4y 17 >0
:>y2+2y+1—4[y2—2y+1]20
= -3y*+10y-3>0

= -3y*+9y+y-32>0

= -3y(y-3)+1(y-3)=>0

= (y-3)(1-3y)=0

=>ye EB} ( a = coefficientof y* = -3 < 0)

2
.. Rangeof X2+—X+1 is 1,3
X°—X+1 3

1 1 1
+ - . . .
Prove that 3x+1 x+1 (3x+1)(x+1) does not lie between 1 and 4, if x is real.

1 1 1
_l’_ —
3x+1 x+1 (Bx+1)(x+1)

LetY =
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O X+1+3x+1-1  4x+1
y Bx+1(x+1)  3x*+4x+1

= y(3x* +4x+1)=4x +1

= 3yx® +4xy +y =4x+1

= 3yx* +4(y - N)x+(y-1)=0
. XeR=A=b’-4ac>0
=[4(y -] -4@By)(y-1)=0
=16(y -1 =12y(y -1)>0
= 4(y - 1)[4(y-1)-3y] =0
= 4(y-1)[4y-4-3y]=0

= 4(y-1)(y-4)=>0
=(y-10)(y-4)=0

= ydoes not lie between 1 and 4 (-, a=y?coefficient=1>0)

x -
3. If x is real, Prove that m lies between ﬁ and 1
X —
x> —5x+9 Y

= X =yx’ —5yx+9y

= yx’ +(-5y-1)x+9y =0
= yx° +(-5y-1)x+9y =0
XxeR=A=b"-4ac>0

— (=5y-1)’ —4(y)(9y) >0
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Sol:-

= 25y° +1+10y-36y° >0
= —11y* +10y+1>0
=11y’ -10y-1<0

=11y’ =1ly+y-1<0

= (1ly+1)(y-1)<0

y lies between TR 1

If the x is real takes all real values for x €R, than find the bounds for p.

x?-3x+2

X—p

ety = 7 gxr2

= X’y —3xy+2y =x-p

=X’y - By +1)x+(2y +p)=0

. XeR=A=b’-4ac>0

= [~By + 1] —4y(2y +p) >0

= 9y? +6y+1-8y*—4py >0

=y*+2(3-2p)y+1=0

a=1>0, expression is always positive = roots are non real complex numbers
= b’ -4ac<0

= [2(3-2p)]" —4(1)(1)< 0

= 4(3-2py-4<0

= (3-2p)-1<0
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=9+4p*-12p-1<0
= 4p*-12p+8<0
=p°-3p+2<0
=(P-10)(pP-2)<0
= P lies between 1 and 2
ie.,1<p<2
5. Solve the equation 4*'-3.2*"+2=0.
Sol:- Let2'=a
Then 4*' 32" 420
=(22)" -3.2"+2=0
= (27" -3.2"42=0
=a’-3a+2=0
=(a-1a-2)=0
—=a="1or 2
Case (1) Ifa=1
Then 2*' = 1=29 = x - 1=0= x =1
Case (i1) Ifa=2
Then2°'=2=2"=x+1=1=>x=2

. X=1or 2
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6. Solve X + X_3=§, when x#0 and x#3,
x—3 X 2

Sol:- Let |—— =a
Ol:- (] X—3_

5
Then the given equation becomes a + P

a’+1 5
=

=—=2@*+1=>5a
a 2

=2a’-5a+2=0
=2a’-4a-a+2=0
=2a(a-2)-1a-2)=0
=((@-2)(2a-1)=0
:a:2ora=l

2
Case (1) Ifa=2

/ X X
— =2 =4
then 3 3)(_3

= Xx=4x-12

=3x=12=>x=4

. 1 X 1 X 1
Case (i1) Ifa=§ then X—3=§:>X—3=Z

=4X=xXx-3 =>3x=-3=>x=-1

S X=-1or 4
1)? 1
7. Solve 2| x+—| -7 x+—|+5=0 whenx =0.
X X

1
Sol:- Let [X + ;] =2 then the given equation reduced to 232 — 73 +5 =0

—=2a’-2a-5a+5=0
= 2a(a-1)-5@a-1)=0

5
2(8—1)(28—5):0 :a:']orE
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Case (i) :- Ifa=1

thenx+1=1:>x2—x+1:0
X

(N1 - 4()() _1£1-4 123

X =
2(1) 2 2
Case (ii) :- Ifa :g
2
then x+ =2 X1 5 o 5400
X 2 X 2

= 2x* —4x-x+2=0=2x(x-2)-1x-2)=0

= (x-2)(2x-1)=0

8. Solve (x2+izj-5(x+lj+6=0, when x = 0.

X

Sol:- (Xz +L2j—5(x+lj+6= 0
X X

1
Letustake x+—=a
X

:>(a2—2)—5a+620
—a’-5a+4=0
=(a-1)(a—-4)=0

—=a=1or 4

:x+l:1 or x+l:4
X X

—=x’—x+1=0 or x> —4x+1=0
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1+,/(1-4 4+,/(16-4
:>x:—( )orx:—(2 )

\S)

1++/3i

5 orx=2i\/§

= X=

9. If ¢? = ab and the roots of (cz - ab)x2 -2(a2 -bc)x + (b2 - ac) =0 are equal, then

show that a*> +b®* +¢®* =3abc or a=0

Sol:- Discriminant, A=b*—-4ac=0.

[-2(a® b ] ~4(c’ ~ab)(b* ~ac) = 0

& (a*—be)’ = (¢ —ab)(b® ~ac)

< a* +b’c? —2a’bec =b’*c? —ab’ —ac’ +a’be
& a(a’+b’ +¢’) =-3a(abe)

<al+b’+c¢’=3abcora=0.

Problems for Practice
. . x+2 11
)] Determine the range of 3% 16 Ans: 3’3
2x* —6x+5
ii i —— o (—oo,-2(U]2
(i1) Determine the range of x4 2 Ans:  (—oo, ]u[ , )
(i)  Solve 3™ +3™ =10 Ans: x=-lor2
(iv)  Solve 7" +7"* =50 forreal x Ans: x=-lorl
2 1
) Solve x* +x3-2=0 Ans: x=-8orl
+ 1
(vi)  Solve 3—X+ x+l =2, whenx #0andx # —1 Ans: X=—
x+1 3x 2
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| Theory of Equations |

Iff{x) is a polynomial of degree n> 0, then the equationf(x) = 0 is called Algebraic equation of
degree 'n'.

() =apx" +ax"" +a,x" 7+ +a, Where a,,a,,d, e a,eR or C and
a, # 0 is called a Polynomial in 'x' of degree 'n'.

If acomplex number ' ' such that /(o) =0,then 'a' is called root of the equation f(x)=0.
Relation between the roots and co-efficients of an equation :

If a,, a,, 0, are the roots of cubic equation x* + p,x” + p,x+ p, = 0, then

S, =a,+to, +a, =—p,

S, =o,a, +o,0; +0,0, = p,

Sy =000,005 = —P;

If a,, a,, o, o, are the roots of biquadratic equation x* +p,x* +p,x* +p,x +p, = 0p,,
then

S, =a,+ta, +a,+a, =—p,

S, =o,0, +0,0,; +0,0, +a,0,; +0,0, +0,0, = p,

S, =0,0,00; + 0,000, + 00,0, + 00,00, = =P,

Sy = 00,0500, = P,

For a cubic equation, if the roots are

in A.P., then they are taken as a-d, a, a+d

a

in G.P,, then they are taken as rk a, ad
11 1

a-d a a+d

in H.P., then they are taken as

Transformation of equations
Roots with change of sign :

If a,, a,, as,....., o, are roots of f(x)=0, then —a,,-a,,—a;,.....,—0, are the roots

of f(—x) =0
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(i) Roots multiplied by a given number :
Ifa,, a,, a;,....., o, areroots of f(x) =0, then for any non-zero complex number 'k', the
roots of f(%) =0 are ko,,kOy,eenn... ko,
@ If a,a,,0;,..,0a, are roots of the polynomial equation f(x)=0, then
O =, Oy = Hye o, —h are the roots of the equation f(x+4)=0
@) If a,,0a,,0;,..,0a, are roots of the polynomial equation f(x)=0, then
Oy +h, 0, + A o, + h areroots of the polynomial equation f(x—4)=0
(v)  Reciprocal roots
If a,,a,,d;,...,oa, are the roots of polynomial equation f(x)=0, then
1 1 1 1
0‘_1’ Ol_z’ --------------- a_n are the roots of the equation X -/ (;) =0
(vij If'g'isarootof f(x)=0,then o2 isarootof f(ﬁ): 0
Note :- If an equation is unaltered by changing 'x' into% , then it is areciprocal equation
VERY SHORT ANSWER TYPE QUESTIONS (2 MARKYS)
1. If1,1, o aretherootsof ,° _¢x?> +9x—4=0,thenfind 'q'
Sol- x*—6x? +9x-4=0
(ao =1l,a,=-6,a, =9,a, = —4)
S =4 S =1+1+a )
aO
=2+0 =6
>a=6-2=4
T a=4
2. If -1, 2 and o are the roots of 2x* + x> —7x—6 =0, then find 'o'.
Sol:- 2x* +x*~7x-6=0

(ay=2,a,=l,a,=—T,a, = —6)

- -1
S =" 8 =—14+2+a=—
a, 2
-1
S>a+l=—
2
17 -3
So=—-1=—
2 2
-3

o =—
2
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3.
Sol:-

Sol:-

Sol:-

Sol:-

If 1,-2 and 3 are the roots of x’ —2x”* + ax+6 =0, then find 'a'.
X =2x"+ax+6=0

(ao =l,a,=-2,a,=a,a, =6)

S, =&:>0cB +ay + By =2

a, 1
M)+ DB +(-2)3) =a
-2+43-6=a
sa=-5

If o, p and 1 are the roots of x’ —2x” —5x+ 6 = 0, then find o and p.
X' =2x>=5x+6=0

(ao =l,a,=-2,a, =-5,q, =6)

S, :_—a‘:>oc+[3 +1:L_2)
4

S0+ =l (1)
S = @B =

SOUP =6 (2)
From (1) B =1-a , Substituting in equation (2)
o(l-a)=-6 o’ =30 +20—6=0
o—-o’=-6 o —=3)+2(a-3)=0
—a’+o+6=0 (@ —-3)a+2)=0
a’-a—-6=0 o=—20r3

If the Product of roots of 4x* +16x> —9x —a =0 is 9, then find 'a’.
4%’ +16x* -9x—a =0

(ao =4,a,=16,a, =-9,a, :—a)
a

Given product of roots S; = a_3 =9
1

— ﬂ — 9

=a=36

Find the polynomial equation whose roots are negatives of the roots of the equation.
xt—6x’+7x* =2x+1=0
If oy, 00,0l o, areroots of f(x)=0,then —a,,—0l,,—0l;,.ccccerunee. —a, arethe

roots of f(—x)=0
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xt—6x’+7x* =2x+1=0
Put x =—x
(=x)* =6(=x)’ +7(=x*) = 2(=x)+1=0
x*+6x +7x* +2x+1=0
7. Find the equation whose roots are the reciprocals of the roots of
x'+3x*—6x*+2x-4=0.
Sol:-  If o, 0y, Olyy ceveennnnnnd o, areroots of f(x)=0,
L 1)
then o, J (Xz T o are the roots of equation M
x'43x° —6x* +2x-4=0
1
Put x=—
X
BEORCESS
X X
1 3 6 2
=>—F+——-——+—-4=0
X X x
= 14+3x—6x>+2x" —4x* =0
= —4x" +2x° —6x +3x+1=0
=4x* -2x’ +6x*-3x-1=0
8. Find the algebraic equation whose roots are 2 times the roots of
x -2x*+3x’-2x* +4x+3=0.
Sol:-  If 0,005,005 e o, are the roots of f(x)=0,
X
then ko, ko, , koi,............... k., are the roots of / ) 0

X =2x"+3x—2x* +4x+3=0

S Put x = d
2

(3] ) A A Ao

5 4 3 2
SNENNPE AT S S A
2 7168 4 2
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N X —4x* +12x° —16x* + 64x +96 B
32

0

= x° —4x" +12x° —16x" +64x+96 =0

Problem for Practice

@)

(ii)

(1)

(1v)

V)

(vi)

(vi)

(ix)

Form polynomial equation of lowest degree with roots

(@ 1,-1,3 Ans: x’ =3x* —x+3=0

(b) 2++/3,1+2i Ans: x* —6x° +14x> = 22x+5=0
-3 =5 4 3 2

(c) 0,1, 5 Ans: 4x" +12x" —x"—-15x=0

If2isarootof 3 — 62 +3x+10 = 0 then find the other roots.
Ans:—1,5 (Hint: Letrootsbea, B, 2)
If 1,2, 3, 4 are the roots of y* + gx° + bx? + cx + d = 0 » then find the values of a, b, ¢, d.

Ans:a=-10,b=35,¢c=-50,d=24
Find the polynomial equation whose roots are thenegatives of the roots of the equation

X +5x° +11x+3=0.
Ans: x* =5 +11x+3=0

Find the equation whose roots are the reciprocals of the roots of
¥ +11x* +x7 +4x* —13x+6=0-
Ans: 6x° —13x* +4x° + x> +11x+1=0
Find the polynomial equation whose roots are the reciprocals of the roots of
xt=3x +7x* +5x-2=0-
Ans: 2x* —5x7 —7x* +3x-1=0

Find the algebraic equation whose roots are 3 times the roots ofx” +2x* —4x +1=0.
X
Ans: x* +6x* —36x+27=0 (Hint: put X =3)

Find the equation of degree 4 whose roots are 3 times the roots of 6x* — 7x* +8x> —7x +2=0.

Ans: 6x* —21x* + 72x* —189x +162 = 0 (Refer Text Book Page No. 136. Ex.2)

1
Find the equation whose roots are 'm' times the roots of equationx P+ 1 X ——x+—=0

16 72
and deduce ifm=12.
Ans: x° +3x> —9x +24 = 0 (Refer Text Book Page No. 136. Ex.3)
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Sol:-

Sol:-

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

Solve x° —3x” —16x + 48 = 0, given that the sum of two roots is zero.

Let o, —a, B betheroots of x> —3x2 —16x+48=0
(a,=1,a,=-3,a,=-16, a, =48)

—aq,
S, =

=>a+(-a)+p :Q

=p=3

ay
S, =22 = g (-a)+ () +Ba =—16
ay
= -’ —ap +ap =-16
=a’=16
=a=4
Rootsare a, —a, B i.e.,4,-4,3
Solve the equation x* +2x’ —5x” +6x+2 =0, given that 1+i is one of its roots.
Given 1+i is one root

— 1—; is anotherroot.

.. The equation havingroots [ +; is
[x—(1+D)][x-(1-1]=0
=[-n-p]{x-1+0]=0

= (x-1)’-i"=0
=x*—2x+1+1=0
=x>-2x+2=0

sox?=2x+2 isafactorof x* 4 2x> —5x2 4 6x+2=0

12 56 2
210 2 g8 2 0
2(0 0o 2 8 -2

1 4 1 o0 | 0

=x +4x+1=0

_—4+16-4 —4%2.3

2 2

=X
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x=2(—2i\/§)
2
= x=(-2%+3)

.. The roots of given equation are {1 +i, =2+ \/5 }

3. Solve the equation x*—6x’+11x?>—10x+2=0, given that 2+./3 is a root of the
equation.

Sol:-  Given that 2 4 /3 is one root.
— 2 —+/3 isanother root.
. The equation having roots 2 + \/3 is
- @+3)x-2-+3)|=0
[x=2)=3)|(x=2)+43)|=0
= (-2 -(\3f =0

=x’—4x+4-3=0
=x'—4x+1=0

~ox’—4x+1=0 isafactorof x* _6x* +11x* ~10x+2=0

1 —6 11 -10 2
410 4 -8 8 0
1|0 0 -1 2 2

| 1 -2 2 0l 0
xP-2x+2=0
:>x22i\/m:2i2i

2 2
=>x=1%i

. Theroots of given equation are {2 + \/5, 2— \/g, 1+i,1-i }

4. Given that —2+/—7 is a root of the equation x*+2x*-16x+77=0, Solve it
completely.

Sol:-  Given —2 44/7 is oneroot
— —2 —j4/7 1s another root

. The equation having roots — 2 + j,/7 are
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b= <2+ i) Jx = (2= ix7)|=0
=[(x+2)-iD) |[x+2+iT)|=0
= (x+2)>—(iv7)* =0

=X +4x+4+7=0

= x"+4x+11=0

x> +4x+11=0 isafactorof x*+2x>—-16x+77=0

1 0 2 -6 77
410 4 16 28 0
~11 |0 0 11 44 77
1 4 7 0| o0
X —4x+7=0
L_4x416-28 412 _2022iV3)
2 2 2
S x=(21i3)

.. The roots of given equation are {2 i3, 2—i3, —2+i7, -2 ,\/7}

Problems for Practice

()

(ii)

(iif)

Sol:-

Given that sum of two roots of x* —2x* +4x* +6x —21=0, is zero. Find the roots of the
equation ?

Ans: 3, /3, 1+iy6,1-i\/6

Given that two roots of 4x” + 20x> —23x + 6 = 0 are equal, find all the roots of given equa-
tion?

1

1
Ans:- {E’ bE —6} (Hint : Letthe rootsbe o, o, B )

Solve 9x° —15x* +7x —1 =0, given that two of its roots are equal.

11,
Ans:- 373’

LONG ANSWER TYPE QUESTIONS (7 MARKS)
Solve x* —9x* +14x + 24 = 0, given that two of its roots are in the ration 3:2.
X' —9x* +14x+24=0

(a, =1, a,=-9, a, =14,a, = 24)
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Let the roots be 3a., 20, B

S, == 304200 B = (9) 2 504 B =0 (1)
S, =% = (3a)(20) + (2a)(B) + (B)(30t) = 14
ay

= 60, +2af +30p =14

= 6007 +508 =14, (1)
Substitute § =9 —5a in equation II

60.° +50.(9—5a0) =14

= 60.” + 450 — 250> —14=0

=190 - 450 +14 =0

=190 —38a — 7oL +14 =0

= 1% (o —2)-7(a —2)=0

= (190 —7)(a. —=2) =0

o=
19
Put o, =2 ineqn. (I)
52)+B=9=>p=-1
Roots are 3a, 20, 3
=3(2), 2(2), -1
= 16,4, -1}
2. Solve the equation §x° —36x? —18x + 81 = ( if the roots are in A.P.
Sol:-  8x’—36x>—18x+81=0
(a, =8, a, =36, a, =18, a, =81)

Let the roots in A.P. be a-d, a, a+d

S = 2% = (a—d)+ (@) + (a+d) = —9)
a, 8
:>3a:2 :}a:i
2
—-a —81
5=~ = (a-d)(a)a+d) ==~

a,
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Sol:-

::amz—dﬁzigl

Substituting g = %

E[E_dﬂ:‘_&
204 8

319-4d* | -81
e =
2 4 8

39-4d%) -
30-4d) 81
= (9-4d*)=-27
= —4d* =-27-9
= 4d> =36

=d=13
o 3
Substituting a =2 d=3

the roots are a-d, a, atd
= é - 3’ 2 B
2 2
3

-3
=293 s
{2 2

Solve the equation 3x* —26x” +52x — 24 = 0 if its roots are in G.P.

Since the roots are in G.P., they must be of the forma/7, a, ar:

a

r

a 26 1
—tatar=—=2| —+1+
r 3 r

1 13 1 10
S—+l+r=—=—+r=—

r 3 r 3
=r=3

. The roots are 2/3, 2, 6.

; (—]a(ar)z%:ﬂz} =8=a=2

d

26
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4. Solve the equation 54x* —39x? —26x + 16 = 0, given that its roots are in G.P.
Sol:-  54x° —39x* —~26x+16=0
(a, =54, a, = -39, a, =26, a, =16)

a
Let the roots in GP. be —, a, ar
r

Slz_a1 :£+a+ar:ﬂ
a, r 54
=al—+1+r :E ..................... (1)

r 18
a a 16
S, =—2=| — [(a)(ar)=——
= (rj( Nar)=—
3 _8 3 _2 ’ -
S>a=—=a=—| D>a=—
27 3
o -2,
Substituting in @ = —; ineqn. I

2| 1+r+r*| 13
EY ZE, Cross multiplying

= —12-12r-12r*-13r=0
=12r* +25r+12=0
=121 +16r+9r+12=0
=4r(3r+4)+3(3r+4)=0
= (4r+3)3r+4)=0

=>r=—orr=—
4 3

- - a
Substituting @ = 3 r= 4 the roots are —, @, ar
r

-2 /-3 =2 -2\ -3
=/ 7/ T
3 4 3 3 4
8 -2 1
=37, T, T
9 3 2

5. Transform the equation x* + 4x> + 2x* — 4x — 2 = 0 in which the co-efficient of the second
highest power of x is zero and also find its transformed equation.

Sol:-  Let f(x)=x"+4x> +2x" —4x-2
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we have to find 'h' so that the co-efficient of . in f(x+ /) is zero.
wehave f(x+h)=(x+h)" +4(x+n) +2(x+n) —4(x+h)-2
The co-efficientof x* in f(x+h) is *C,(h)+4=4h+4
we have to select 'h' such that
4h+4=0=>h=-1
.. Required equationis f(x—1)=0
ie, (x—1D*'+4(x-1) +2(x-1)> —4(x-1)-2=0

-1| 1 4 2 —4 -2
0 —1 -3 1 3
1 3 -1 -3 1=A,
0 -1 -2 3
1 2 -3 0=A,
0 -1 -1
1 1 —4=A,
0 —1
1=A,] 0=A,
Required equation: 4 x* + 4,x” + 4,x* + A,x+ 4, =0
- x* —4x? +1 = 0 1s the transformed equation.
6. Find the polynomial equation whose roots are the translates of those of the equation
x*-5x° +7x*-17x+11=0 by -2.
Sol:- Let f(x)=x"-5x"+7x*—18x+11.

The required equation isf(x+2)=0.

2 |1 s 7 17 11
0 2 -6 2 30
2 |1 3 1 15 ~19=A,
0 2 2 -2
2 [ 1 a1 a1 |17 =A

0 2 2
2 |1 1 1=A,
0 2
2 |1 3=A,
0
1=A

(=}

By Horner's process f(x+2)=A,x*+A, X’ +A, X’ + A, x+A,
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= f(x+2)=x"+3x +x* -17x-19
The required eqaution is x* +3x” + x> —=17x-19=0
7. Find the polynomial equation whose roots are the translates of those of the equation
x°-4x*+3x’-4x+6=0 by-3.
Sol:-  Let f(x)=x"-4x"+3x*-4x+6=0
The required equation isf(x+3)=0.

The required equation isf(x+2)=0.

3 1 —4 0 3 4 6
0 3 -3 9  _18 —66

3 1 -1 -3 -6 22 |60 =A,
0 3 9

3 1 2 3 3| -13=A,
0 3 15 54

3 1 5 18 57=A,
0 3 24

3 1 8 42=A,
0 3

3 1 11=A,

Lo
1=A,

By Horner's process f(x+3)=A, x" + A, x* + A, X’ + A, x* + A, x + A,
= f(x+3)=x"+11x* +42x +57x* —=13x - 60
~. The required eqaution is x° +11x* +42x” +57x* —13x- 60 =0,

8. Solve the equation x* —10x’ +26x* -10x+1=0.
Ans:- x* —10x’ +26x> —10x+1=0

xz(x2—10x+26—1—0+i2j=0

X X
(xz +Lj—10(x+lj+26—0
x2 B *
1
Putx+—=k (1)
X

1 2
Squaring on both sides (X + ;) =k*
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Substituting (1) & (2) in % (k*-2)-10k+26=0
k> —10k+24 =0

k>—6k—4k+24=0

k(k—6)—4(k-6)=0

(k—4)(k—6):0
k-4=0 k-6=0
x+lo4=0 LI
X X
x*+1-4x=0 x> +1-6x=0
x*—4x+1=0 x*—6x+1=0
__4xl6-4 __6+436-4
2 2
x=2p1¢§} xzzbinE}
2 2
x=2+3 x=3+242
Solutions {2+\/§, 2-43,3+242, 3—2\/5}
9. Solve the equation 2x° + x* —12x* —12x* +x+2=0.

Sol:-  The given equation is an odd degree reciprocal equation of class one
. -l is aroot of this equation

. x+1isafactorof 2x° 4 x* —12x° —12x> +x+2=0

12 | R 2
0o -2 TS VR T
2 -1 -1 -1 2 0

S2x =11 —x+2=0

xz(sz—x—ll—l+%)=O

X X

1 1
=2 x*+— |- x+=1|-11=0
( x2J ( _Xj ..................................... *
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Squaring on both sides

2
(x+l) = k?
X

X
2 1 2
X"+ — = K = e, (.[])
X
Substituting I & ITin s

2(k*~2)-k-11=0
2k —4—k—11=0
2k*—k-15=0

2k* —6k+5k—-15=0
2k(k —3)+5(k-3)=0
(k—3)(2k+5)=0

k-=3=0 2k+5=0
x+l—3=0 2(x+lj+5:0
X X
2
X’ =3x+1=0 2x+—+5=0
3++/9-4
x:T 2x*+5x+2=0
3+4/5
X= 5 2x° +4x+x+2=0

2x(x+2)+1(x+2)=0
(x+2)2x+1)=0
-1

xX=—,-2
2
), ol 3445 3245
Solutions e

10.  Solve the equation x* —5x* +9x* —9x* +5x—1=0.

Sol:-  The given equation is an odd degree reciprocal equation of class two.
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= 'l'is aroot of given equation

. x—1 isafactor of given equation
x=1 | 1 -5 9 -9 5 -1
0 1 —4 5 —4 1

1 —4 5 —4 1 | 0

x4 457 —4x+1=0

xz(x2—4x+5—i+%j=0
X X

:>(x2 +L2j—4(x+lj=0
X X

1
Let x+ o k , Squaring on both sides

2
[x#—lj =k’
X

x2+L2+2=k2
X

x2+%
(k> =2)-4k+5=0
k> —4k+3=0

k> =3k -k+3=0
k(k—3)-1(k-3)=0

=k’-2

(k=3)(k-1)=0
k-3=0 k—1=0
x+1-3-0 x+1j—1=0
X X
x> =3x+1=0 x*—x+1=0
L_3%49-4 x_lii\/g
2 2
3445
X =

2

. 1+iv3 1-if3 3445 3-4/5
Solutions are 2 2 4, T 5
11.  Solve 6x° —25x° +31x* —31x*> +25x—-6=0

Sol:-  The given equation is an even degree reciprocal equation of class two.

. +1 and -1 are the roots of this equation
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-, x+1and x—1 are factors of given equation.

x=-16 25 31 0 31 25 -6
0 -6 31 6 6 31 6
6 31 6 6 31 6| 0
0 6 25 37 25 6

6 -25 37 25 6 | 0
56x* =25x7 +37x7 —25x+6=0
On dividing both sides by x*, we get
25 6

6x2—25x+37——+—2:O
X X

6[x2+i2j—25(x+lj+37=0
X X

1
Let x+—=k
X

Squaring on both sides

2
(x+l) = k?
X

1
X+ —+2=k
X

1
X2+—2:k2—2
X

5 6(k* —=2)=25k+37=0
6k> —25k+25=0

6k> =15k —10k +25=0

3k(2k—5)-5(2k-5)=0
(2k-5)3k-5)=0

2k-5=0 3k-5=0
2(x+lj—520 3(x+lj—5:0
X X
2x+g—5:O 3x+3—5:0
X X
2x*—5x+2=0 3x2=5x+3=0
5+4/25-36
2x*—4x—x+2=0 X=—

6
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St4/-11
2x(x=2)-1(x-2)=0 Y=
S+ivll
(x=2)(2x—1)=0 x= ’6*/_
X= l, 2
2
1, 5+i11
. : +1, —, 2,
L Solutlons{ ) ) }
12.  Solve the equation y* _10x* +26x> —-10x+1=0
Sol:- Degree =4

It is an even degree polynomial equation of class one.

x=10x* +26x* —10x +1 0

.. Divide the equation by both sides

x10xt 26x* 10x 1
j?_ 2 + 2 _xz +?:0

10 1

= x’ —10x+26——+—2:0
X X

:>(x2+izj—10(x+lj+26=0 .................
X X

Squaring on both sides

2
(x+lj =k’
x

:>x2+L2+2:k2
X

= x’ +L2 =k*-2

X
Substituting (1) and (2) in equation *
(k> =2)-10k+26=0
k*—=10k+24=0
k> —6k—4k+24=0
k(k—6)—4(k—6)=0
(k—=4)(k-6)=0

2 2

X X
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k-4=0 k—-6=0
1 1
=>x+——4=0 =>x+——6=0
X X
2,1 241—

:>x +1 4x:O :>x +1 6x:0
X X
=x’—4x+1=0 =x'—6x+1=0
(a=1,b=-4,c=1) (a=1,b=-6,c=1)
x_—bi\/b2—4ac x_—bi\/b2—4ac

2a 2a
S ) 2V (=4’ =401 I LY (=6)* —4(1)(1)
2() 2(1)
L_4x2 L 6£436-4
2 2
44243 6++/32
X = X =
2 2
202+43) 64442
2 2
23242
i jz_)
=2+4/3,2-43 =3+242
=3+242,3-22

Solutions are {2+\/§, 2—\/3, 3+2ﬁ,3—2\/5}

Problems for Practice

@)

(ii)

(iif)

(1v)

Given that one root of 2x” +3x” —8x +3 =0 is double the other root, find the roots of the
equation.

1
Ans:- {E’ 1, - 3} (Hint : Let the roots be ., 20, B )
Solve x’ —7x* +36 = 0, given one root being twice the other
Ans- {3,6, -2}

Solve the equation x* —3x* — 6x +8 = 0 ifthe roots are in A.P.
Ans- {4,1,-2}

Solve the equation 4x° —24x? + 23x +18 = 0, given thatits roots are in A.P.
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v) Transform the equation x° — 6x*> +10x —3 = 0 in which co-efficient of x? term is zero.
Ans-  x? —2x+1=0
(vi)  Transform the equation x* +8x’ + x —5 = 0 so that the term containing the cubic power of 'x'
is absent.
Ans- - x*—24x* +65x-55=0
(vii)  Find the polynomial equation whose roots are the translates of those of the equation
x*—x* —10x* +4x+24 =0 by 2.
Ans:- x* —9x’ +40x* —80x+80 =0
(viii) ~ Solve the equation 6x* —35x* +62x* —=35x+6=0.
1 1
. —, —, 2 and 3
Ans: (3 5 ]
(ix)  Solvetheequation 4x* —13x* —13x+4=0.

1
Ans:- {_1’ Za 4}



Unit 5

| Permutations and Combinations l

PERMUTATIONS

= Fundamental principle : If a work can be done in 'p' different ways and a second work can

be done in 'q' different ways then the two works (one after the other) can be done in pq different
ways.

= Permutations : Each arrangement that can be made by taking some or all of a number of things
is called permutation.

= Permutations when replitions are not allowed:If n, r are positive integers and < n , then

the number of permutations of n distinct things taken r at a time is

n!

"p,=0@-1)(0-2).s (n-r+1)=
= (1) The sum of'the all r-digit numbers that can be formed using the given 'n' non-zero digits
(1<r<n<9)is
=""P_x (Sum of the given digiz‘s) X (1 1 U r digits)

(i) If'0'is one digit among the given 'n' digits then we get that sum of the 'r' digits numbers that

can be formed using the given 'n' digits (including '0") is

=""P_ x (Sum of the given digits) X (1 1 I r times)

T

—"P_, x(Sum of the given digits) x (1 dol (r- 1) times)

Theorem:  Ifn,rbenatural numbers and 1<r <n then "P, =""P.+r."'P,_.
" n !
Proof "= !
n—1P+r n—lP _ (n_l)! +7 (n_l)!
r . -1

T =r=1! [(n=D)—-(-D]!
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_ (n=-1)! i (n—1)!
T (m=r=D! (n-r)!

_ (n=Dln-r +r(n—1)! B (n—l)!(n—r)+ r.(n—1)!
S (m=r)n-r-1)!" (m-r)  (n—r)! (n—r)!
_(n-D)!
- (n—r)!
VERY SHORT ANSWER TYPE QUESTIONS (2 MARKY)

[n—r+r]:"P

T

1. If “P, =1680 find 'n'.

Sol:-  "P, =1680
=10 x 168
=10 x 8 x 21
=10x8x7x3
=8xTx6x5

son=_8

2. If “ P, =1320 find 'n".

Sol:-  "P, =1320
=10x132
=12x11x10
Son=12
3. If "'p,:"P,=2:7 find'n".
Sol-  "™P,:"P,=2:7
! !
(n+1).: 5.4
(n—4)! (n—06)!
(n+Dn! ><(11—6)!_2
(n—4)(n—5)(n-06)! n! 7
(n+) 2
(n—=4)(n-5 7
T(n+1)=2(n* —9n+20)

2n* —25n+33=0
(n—11)(2n-3)=0

.'.nzll(.'.n;ﬁéj
2
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4.

Sol:-

Sol:-

Find n,if ""'P,:"P, =3:2.
(n+1)! y (n—95)! :é
(n—4)! n! 2
(n+1)n! ><(n—S)!zi
(n—4)(n-5)! n! 2
(n+D) 3
(n-4) 2
2n+2=3n-12
-n=-14 ~n=14
If *P, * P,,; =30800:1.Findr.

(r+6) *

SGP

S4 _ .
o U P,y =30800:1

(56)!  (54=(r+3))! _30800
(56— (r+6))! 54! 1

(56)!  (51-r)!_ 30800
50-r)! (54! 1

— 56x55%(51—r) = 30800

30800 _

= 51-r)= =
( ) 56x55

=r=4I.

Problem for Practice

()

2.

Sol:-

If P, +5.%P,="P_,findr Ans:-r=5

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

If “"P, =42 "P, thenfind n.

n! _1n n!
(n=T7)! (n=35)!

1 _ 1 1
(n—="T7)! (n=5)(n-6)(n-17)!
(n—=5)(n—-6)=42
(n=5)(n—-6)=7x6
(n=5)(n—-6)=(12-5)(12-6)

son=12
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2. Find the number of ways of permuting the letters of the word PICTURE so that
(i) all vowels come together
(ii) no two vowels come together
(iii) the relative positions of vowels and constants are not disturbed.

Sol:- The word PICTURE has 3 vowels (I, U, E) and 4 consonants (P, C, T, R)

1) Treat 3 vowels as one unit. Then we can arrange. 4 consonants + 1 unit of vowels in 5! ways.
Now the 3 vowels 4 among themselves can be permuted in 3 ways. Hence the number of
permutations in which the 3 vowels come togother is
SIx3l=5%x4x%x3x2x] x 3x2x]

=720
[P] [Rl  =5!%x31=720
3!
5!

(i1) First arrange the 4 consonants in 4! ways. Then in b/w the vowels, in the beginning and in the

ending, there are 5 gaps as shown below by the letter x.

x |:| x |:| x |:| x |:| x

1 2 3 4 5
In these 5 places we can arrange the 3 vowels 5, ways. Thus the no. of words in which no two
vowels come together 4!1x5, =24x60 =1440

@)  Thethree vowels can be arranged in their relative position in 3! ways and 4 consonants can be
arranged in their relative position in 4! ways

v [c] [c] [v] [c] [¥] [c]
No. of the required arrangements is 3! 4! = 144

3. Find the number of ways of arranging the letters of the word TRIANGLE so that the
relative positions of the vowels and consonents are not disturbed.

Sol:- The word TRIANGLE has 3 vowels (A, E, I) and 5 consonants (T, R, N, G, L)

(][] V] V] [el [e] [e] [V]

The three vowels can be arranged in their relative positions in 3! ways. The five consonants can

be arranged in their relative position in 5! ways

The no. of required arrangements =31x5!
=(Bx2x1)x(5x4x3x2x1)
=(6)(120)
=720
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4. Find the sum of all four digited numbers that can be formed using the digits 1,2,4,5, 6

without repetation.
Sol:i- n=5,r=4,digits=1,2,4,5,6
The sum of all 4-digits that can be formed using the digits 1, 2,4, 5, 6 without repetition is
="' p_, x(sum ofthe given digits) x 1111.......r times
=P x(1+2+4+5+6)x1111
=24 x 18 x 1111 =4,79,952
4. Find the number of ways of arranging 6 boys and 6 girls in a row. In how many of these

arrangements i) all the girls are together ii) no two girls are together iii) boys and girls

come alternately.
Sol:- 6 boys and 6 girls are altogether 12 persons.
They can be arranged in arow in (12)! ways.

1) Treat the 6 girls as one unit. Then we have 6 boys and 1 unit of girls. They can be arranged in 7!
ways. Now, the 6 girls can be arranged among themselves in 6! ways. Thus the number of ways

in which all 6 girls are togetheris 7! x 6!.
i1) Firstarrange the 6 boys inaow in 6! ways. Then we can find 7 gaps between them (including
the begining gap and ending gap) as shown below by the letter x :
XBXBXBXBXxXBXxB x
Thus we have 7 gaps and 6 girls. They can be arranged in’P, ways. Hence, the number of
arrangements in which no two girls sit together is. 6! x’P,=7.6!.6!.

ii1) The row may begin with either a boy or girl, that is, 2 ways. If it begins with a boy, then old
places will be acupied by boys and even places by girls. The 6 boys can be arranged in 6 odd
places in 6! ways and 6 girls in the 6 even places in 6! ways. Thus the number of arrangemtns in

which boys and girls come alternatelyis 2 x 6! x 6!.

5. Find the no. of ways arranging 4 boys and three girls so that the row (i) begins with a

boy and end with a girl (ii) begins and ends with boys.
Sol:- (1) B G
We fill the first place with one of the boys in 5 ways and last place with one of the girls in 4

ways.
The remaining 7 places can be filled with the remaining 7 persons (4 boys + 3 girls) in 7! ways.
Total no. of required arrangements =5x4x71

=20 x 5040

=1,00,800
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(ii)

Sol:-

The total no. of persons is 9 (5 boys + 4 girls)
B B

First we fill the first and last places with boys => P, way
remaining 7 places with remaining 7 persons (3 boys + 4 girls) = 7! ways
Total number of required arrangements is = 7! x> P,=1,00,300

Find the number of ways of arranging S different Mathematics books, 4 different Physics
books and 3 different Chemistry books such that the books of the same subject are
together.

The number of ways of arranging Mathematics, Physics and Chemistry books are arranged in
3! ways.

5 different Mathmatics books are arranged themselves in 5! ways.

4 different Physics books are themselves in 4! ways.

3 different Chemistry books are arranged themselves in 3! ways.

.. The numbers of required arrangements =3! x 5! x 4! x 3!

=6x120x24x6=103680.

Problems for Practice

@)

(ii)

Sol:-
(@

Find the number of all 4 letter words that can be formed using the letters of the word
"EQUATION". How many of these words begin with E? How many end with N? How many
beging with E and end with N?

(Example 5.2.8 Text Book Page Number 156).

Find the sum of all 4 digited numbers that can be formed using the digits 0, 2, 4, 7, 8, without
repetation.

(Excersie 5(a), Section II. Q. No 4. Text Book Page Number 167).

LONG ANSWER TYPE QUESTIONS (7 MARKS)

If the letter of the word MASTER are permuted in all possible ways the words thus
formed are arranged in the dictionary order then find the rank of the words (i) REMAST
(II) MASTER

The letters as the given word in dictionary order A, E, M, R, S, T
REMAST

A —> 5! ways

E —> 5! ways
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M — 5! ways
rRA — 4! ways
REA — 3! ways
REMAST — 1! ways
Rank ofthe word REMAST
=3x5!+4!1+31+1!
=3(120) +24 + 6 +1 =391
@ii) MASTER

A — 5! ways
E_ — 5! ways
MAE _ _ — 3! ways
MAR _ _ — 3! ways
MASE _ _ — 2! ways
MASR _ _ — 2! ways
MASTE R — 1! ways

Rank of the word MASTER

=2x51+2x31+2x21+1

=2(1200+2(6)+2(2)+1

=240+12+4+1

=257
2. If the letters of the word PRISON are permuted in all possible ways and the words

thus formed are arranged in dectionary order find the rank of the word PRISON.
Sol:-  The letters of the given word in dictionary orderis I, N, O, P, R, S

r-_ _ _ _ — 5! ways
N_ — 5! ways
o__ _ _ _ — 5! ways
P 5 4lways
PO _ 5 4lways
PN __ 5 4lways
PRIN — 2! ways
PRIO — 2! ways
PRISN — 1! ways
PRISON — 1! ways
rank of the word PRISON

=3 x5 +3 x4l +2x21+11x2
=360+72+4+2=438
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COMBINATIONS

Combination : A selection that can be formed by taking some or all of a finite set of things (or objects)
is called a combination.

Example: The combinations formed by taking two things at a time from a set {A, B, C} are {A, B},
{A, C}, {B,C}

Observations :

>  The number of combinations of 'n' dissimilar things taken r at a time denoted by

"C or C(n,r) or CU} or (’3

n
r

7!

= The number combination n distinct objects taken r at a time is

n

o, PN
L& T =)

n!
..n cr _-_ "
(n—r)r!

=  Foranypositiveintegern, "c, ="c, =1, "¢, =n
=  Forr,s<n, if "C,="C thenr+s=norr=s
=  e="c,,
2 ¢ +"c =",
VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)
1. If "C, ="C, then find 'n'.

’7C4 :nC6
=>n=4+6 ( "C.="C, :>n=r+s)
=n=10

2. If10 "C,=3.""'C,thenfind 'n'.

o, (D)

.10 =3.
Sol- T oy T T (4 1-3)13!
0 n  (n+Dn!
(n=2)2! "~ (n-2)13!
5_3.(n+1)

9

T 3 2x1 10=n+1 /)
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Sol:-

Sol:-

Sol:-

Sol:-

If *C,,, ="C,, , thenfind 'n'

12Cr+1 = 12C3r—5
If "C, ="C,
=>n=r+s
12=r+1+3r-5
12=4r-4
=4r=16
=r=4

(or) "C,="C,

=>r=s

r+1=3r-5

Find 'n'and rif "P_=1320, "¢, =220

7!

"C220

I

r=3x2x1=3!
sr=3
"P,=1320

"P,=12x11x10
S.on=12.

_'R_1320_

If "C, ="C, then find 13Cn

"Cy="C,
=>n=5+6
=>n=11

.13 13 13
~Bc ="c, ="c,

C13x12
2x1

78

Find the value of '°C, +2."C, + "'C,

c,+2.C,+ "¢,

2(10C5+10C4)+(10C4+10C3)

~tc,+e, e +re =", |

_IZC
- 5

_12x11x10x9x8
S5x4x3x2x1

=12x11x6="792
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7.

Sol:-

1.
Sol:-

Sol:-

If "P.=5040 and "C, =210 find 'n' and 'r'

"p. 5040
r!: r :—:24 n —

"C 210 Fy =3040
rl=4x3x2x1=4! "P,=10x9x8x7
r=4 son=10

SHORT ANSWER TYPE QUESTIONS (4 MARKYS)
Prove that "C,_ +"C, =""'C,
LHS.="C_ +'C,

n! n!
= +
(n—r+Dl(r-0! (n—r)lr!

1 1
=n! +
{(l’l-l"-ﬁ-l)!(l"—l)! (n—r)!r!}

=n! r N n—r+l
L(=r+DIr=Dlr  (n—r+)(n-r)r!

r n—r+1
=n! +
| (n—r+DIrt (n—r+1)!r!

=n!

[ rtn—r+1
| (n=r+1)!r!

_onl(m+l)  (n+D)!
(n—r+D!r! (n+1-r)lr!

r

Find the no. of ways selecting 5 books from 9 different mathematics books such that a
particular book is not included.

No. of books =9

Particular book is not included, so remaining no. of books =8

The no. of selections required = *C, ways

_ 8xTx6x5x4

= =56
Sx4x3x2x1
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3.

Sol:-

Sol:-

Sol:-

Find the no. of ways of selecting 3 vowels and 2 consonants from the letters of word
EQUATION.

The word EQUATION has 5 vowels (E, O, U, A, I) and 3 consonants (Q, T, N)
Now, The no. of selecting 3 vowels from 5 vowels= °C, ways
The no. of selecting 2 consonants from 3 consonants=>C, ways

Total no. of selections =°C; x °C, ways

_ 5x4x3 3x2

= X =30
3x2x1 2x1

Find the number of 5 letter words can be formed using 3 consonants and 2 vowels from
the letters of the word MIXTURE.

The word MIXTURE has 3 vowels (I, U, E) and 4 consonants (M, X, T, R)
The no. of selecting 2 vowels from 3 vowels = *C, ways

The no. of selecting 3 consonants from 4 consonants= *C; ways

So, 5 letters (3 Consonants + 2 vowels) can be arranged in 5! ways

The no. of 5 letter words formed = *C; x °C, x 5! = 1440

LONGANSWER TYPE QUESTIONS (7 MARKS)

4
Prove that ~C,+ ) ¥ C,=*C,

r=0

4
LHS.=%C,+> 77"C,

r=0

=25C4+[29C3+28C3+27C3+26C3+25C3]
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4
2. Simplify 'Cs+),*7C,
r=0



Unit

| Binomial Theorem |

Binomial Theorem for positive Integral Index

If x and a are real numbers, then

(x+a)" =n¢ x"a" +n. x"".a' +n. x"7a’ +————4n. x""a"+-——+n, x"a" for
alln eN
Some Important Conclusions from the Binomial Theorem
n
(x+a)" = ch x""a ————— *
x=0

Since r can have values from 0 to n, therefore the total number of terms in the expansion of
(x+a)" 1s ntl

Replacing 'a' by -a' in (*) , we get
n
(x—a)'=> (-1).n. x""a’
r=0
0 -1,1 2.2 0
=n; x'a —ncX a+n.x a ————+(-1)"n. x"a’

Thus, the terms in the expansion of (x —a)" are alternatively positive and negative. The last

term is positive or negative according as n is even or odd.

Putting x =1 and a=xin (*), we get (1+x)" = ch, X'= Zcr X'
r=0

r=0
=Cy+Cx+C,x*+————+C_x"
This is called Standard binomial expansion.
The coefficient of (r +1) term in the expansion of (1+ x)" is n. or C,

General term :-

The (r+1) ™ term in the expansion of (x +a)" is

_ n-r _r
T, =n. X" a

I+ r

(n+1D(n+ 2)]

The number of terms in the trinomial expansion of (a + b +¢)" is [ 5
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VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

1. Expand (4x +5y )7 using binomial theorem.

Sol-  (4x+5y)’ =Y n. X" a’,Where X =4x,a=5y and n=7

r=0

7
=2 7C.(4x)"(5y)"
r=0
2 7Y
2. Expand 3 X+ 1 Y | using binomial theorem.

2x 7y) . e 2x Ty
| —+— E n a', W X="—,a=— —
Sol: [ 3 4 2, c. here 3 4 and n=5

(3 ()

2x 3y
3. Find the g™ term in the expansion of ?+7 .
2x 3yY .
Sol:-  comparing [*+ %) with (x + a) ", wehave
2 3
X= TX a—% and n=9
nr 2x 3y)
The general termis T,,, =n, X" a'=9C ( 3] (Tyj

— 9Cr . 29—2r 32r—9. X9—r yr
98765 1 . , &

Putting r =5, weget T. =9C, 27'3!x*y’ =2~ 3
o BT Y 12345277
=189x*y’
4y 14
4. Find the 7t term in the expansion of (F+ ?] .
2\ 4
. 4 x .
Sol:-  Comparing (?+7j with (X +a)", wehave
4 x’

Th ltermis T, = n. X" a" = 14C (4]1“("—2Y
e general term is 1, = N ( > J

— 14Cr 228731" X5r742

L, 14C, x 2"
Putting =6, we get T, =14C, 2" x™" =—-
X
(2 3)°
5. Find the 3"l term from the end in the expansion of LX - —J

2 8

)
Sol:-  Comparing kx N —% ] with (X +a)" ,we have
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-2
X=x’,a=— and n=8
X

K =3rd term from theendisn —k + 2 =8 -3+2 = 7" term from the beginning

EARR
Now, T, = Ne X" a" =8C, Lx 3J (—3j

2
X

. 2\2 (-3 ¥ 6 A 8.7 =0 28)(36
Puttingr=6, we get T, =8C6(X3) (;} =8C, 3" x* " =§X36'X v o= s
6. Find the number of terms in the expansion of (2x + 3y +z)’.

Sol:- Here n=7

Therefore, the number of terms in the expansion of (2x + 3y +z)’ is

:(n+1)(n+2) :(7+1)(7+2) _8x9_ 4
2 2 2

4 10
7. Find the coefficient of x in the expansion of [3X-;] .

4 10
Sol:- (3X——]
X
4

T, ="C.. (3x)"". (‘—]

X
=1C, . (3)"". (—4) X0

Therefore, the coefficient of x ° = x" in the expansion of [3x - 9
=10-2r=-6
=2r=16=>r=8.
Coefficient of x ®is
— 10(:8 . 3]0—8' (_4)8

9C,.3%. 4% = %‘ 3%.4% = 405 x 4°

. . : : 3"
8. Find the coefficient of x'' in the expansion of [sz + ;j .

13
Sol:- (2X2 +i3]
X

T, ="C.(2x°) . (%]

X

T, ="C,. (2. (3) . x*
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3 13
Therefore, the coefficient of x'' = x" in the expansion of (2X2 + Fj
=26-5r=11=5r=15=>r=3.
c oefficientofx11 is
Pc, 2P0 3 = 131201 0 33— ogg x 210.3°
1.2.3
9. Find the term independent of x in the expansion of L \f 3 \
10
s
Sol:- 3 2X2
10-r r
e F 3
r* 3 : 2X2
3r
3)2" sr
Tr+1 :locr ( ) (X)S :
21’
( 3
Therefore, the term independent of x in the expansion of ME + ?J is
L
2
=5r=10=>r=2.
8 2
Independent term =10, L E =M i 3_ =£ 5
(3) 2 1232 36 4
10.  Find the middle term(s) in the expansion of (— - ZYJ .
3X 10
Sol:-  Comparing (7 - 2}’] with (x +a)", we have
3
x:7x, a=-2y and n=10
Since n= 10 is even therefore T,,, lio.e., T, 1s the middle term in the given binomial expansion
n-r T X - T
Now, T, =n, x"" a" =10 7 (—2y)
. 3X 3 ’ 5 .55
Puttingr=5, we get T, =10, (-2y)’ = ~10, ) 2 xy
3b 11
11.  Find the middle term(s) in the expansion of (43 + 7) .
3b 11
Sol:-  Comparing [481 + 2) with (x + A)", wehave
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12.

Sol:-

Sol:-

3b
x:4a,A:? and n=11

Sincen= 11 is odd, therefore THT“ and THT” i.e., T, and T, are middle terms in the expansion

3b 11
4a+—
of( 2]

Now, T,,, = "C,x"" A'="C, (4)" [%j

Puttingr=>5 and r= 6, we get

3b Y 3b)\°
Ty = 11Cs (43)6- (7] and T, = 11Cﬁ(4a)5 (7}
T, =77.2°3%°b° and T, =77.2%3". a°b°
( ne, =g, -1110987
1.2.34.5

If the coefficients of (2r +4)™ term and (3r +4)™ term in the expansion of (1+ x)*'
are equal, find x.

:77><3><2j

The coefficient of (r +1)™ term in the expansion of (1 + x)*' is *'C

From the hypothesis, we get

21 _ 21
C2r+3 o 3r+3

=2r+3=3r+3 or 2r+3+3r+3=21 ('.‘ncr:nCS:r:s or n:r+s)

=r=0o0r 5r=15

=r=0o0rr=3

LONG ANSWER TYPE QUESTIONS (7 MARKYS)

1 11
If the coefficients of x'"° in the expansion of [?IX2 + b_xj is equal to the coefficient of

11
x"" in the expansion of [ax - W) find the relation between 'a' and 'b' where 'a' and

'b' are real numbers.

] 11
X

T, ="C,. (ax2 )IH . (bixjr

T, ="C..(a)"". (b) " x>
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1 11
The coefficient of x'° = x" in the expansion of (aX2 + b_x) is
22-3r=10=3r=12=>r=4.
Coefficient of x'is
7
a
Ty = 11C4-b_4
( l jll
ax -
bx?
S -1
T, ="C, . (ax) .
r+l r ( ) bXZ
11-r
T _ 11C (a) X11731'
r+l r* r
(-b) :
The coefficient of x ' = x" in the expansion of [ax - bxzj is
11-3r=-10=3r=21=>r=7.
-1\ -"c,q*
= 11C7a4(7j _ b74
By hypothesis, we have
llC a7 _11C a4 3 _1 3
bt = b74 =a =?:(ab) =-1
= ab =-1 (.. a,b arereal numbers)
2. Find thenum erically greatestterm (s) in the expansion of (4a-6b)13 when a =3 and
=9 13 13
Sol- Write (4a—6b)" = {4a(1—i—bﬂ ~ @ (1-2)
a

2a

3b 13
First we find the numerically greatest term in the expansion of (1 - 2—3)
13
Comparing (1 - 2_a) with (1+x)", we have
x=0_3%5_ 75 g n=13
2a 2x3
Now, m = (n+D)[x|_(13+DF|_14x3 _70 10
1+ x| 1+ u 7
. . . . 3b)"
- T,and T, ie., T,and T, are numerically greatest terms in the expansion of (1 - 23)

and |T10| = |T11|
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Sol:-

Sol:-

9 13 9
-5 —C,5
T — 13C .X9 — 13C - :—9
10 9 9 B 29
10 13 10
13 0 13 -5 —Cy,5
T, ="Cy x" = Cio [? = 211(())

Hence, the numerically greatest terms in the expansion of(4a — 6b)"* are T, and T,,. They

are
_13C 59

Ty =(4x3)" x —3==-1"C, 27375 = ~143x2"3"5" and
_13C 510

T, =(4x3)" x —h = -1C,,.2"°3"5" =—143%2" 3" 5

Find the numerically greatest term(s) in the expansion of (2 + 3x)'"* when X =—.

8
Write (2+3x)"° = [2[1 +37Xj T =2 [1 +37le0

. . . : 3x )"
First we find the numerically greatest term in the expansion of (1 + 7")

. 3x)"
Comparing (1 + zx] with (1+x)", we have
X _3 (Ej =33 ndn=10
2 2 \8 16
+1 10+1)[3| 3¢ 363
NOW,m=(n )|X|=( )|16 =% =~ jsnot an integer
1+ x| 1+]32 949
363
=| — :7
and [m] [49}

3X 10
Therefore, T )., = Ty is the numerically greatest term in the expansion of [1 + —j and

2
33Y
T.="C, x" =10, | 22
8 7 C, (16)

Hence, the numerically greatest term in the expansion of (2 + 3x)'’ is

710 7
Tg :210.10C7 (%j — C;$833)

Find the numerically greatest term(s) in the expansion of (3x - 4y)'* when x = 8.and

y=3.
14 14
Write (3x —4y)"* = {3){[ —4—yj} = (3X)‘4(1_4_yj
3x 3x
4y

1
First we find the numerically greatest term in the expansion of [1 - 3Xj
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4 14
Comparing (1 - 3)}3 with (1+x)", we have
-4y —4x3 -1

X = Ix Ix8 =7 and n=14

_(m+D|x|_ 14+D]3]

Now, M 1+ x| 1+|_71| —éZSisaninteger

Therefore, T, and T _,, i.e., T, and T are numerically greatest terms in the expansion of

4y 14
[1_3_7() and |T,| =T,

-1\* “c
I ="C, x* ="C,| —| =—2
5 4 e X and

5 14
-1 C
T =|4C XS — 14C - — 5
6 5 5 2 25

Hence, the numerically greatest term in the expansion of (3x — 4y)'* are T, and T,. Theyare

1414
T, = (24)—4(:4 =1001 x 2**x 3" and
14 14
T, = w =—1001 x 2% x 3"
5. Find the numerically greatest term(s) in the expansion of (4 + 3x)"* when x = %

3x )" 3x 3 7 21
o (G43x)P =481+ | =(1+X)" n=15 X=""="x—=",
Sol--  ( ) ( 4) (I1+X)" where 2 157 g

Now (DX _ (5+4D@21/8) _16x21_336 _,, oo
Ix]+1 21/8+1 29 9

.. 12th term is the numerically greatest term and

le =15C11 (4)15—]1(3X) =15C 4482111 /211 =15c4 2111 /23

Problems for Practice

Find the numerically greatest term(s) in the expansion of
4

1 2 10
@ (3x +5y)"* when X = Y73 Ans:- T, =12 (—] (?)

.o 4 28 ll 4
(ii) (3+7X)n Whenng,nzls Ans:- T11:15C” ? 3



Unit 7

\ Partial Fractions l

Rational Fraction : If f(x) and g(x) are two polynomials and g(x) is anon-zero polyno-
. S . .
mial, then is called a rational fraction.
g(x) 109
Proper and Improper Fractions : A rational fraction % is called a proper fraction, if the
degree of f(x) isless than the degree of g(x) . Otherwise it is called an improper fraction.

S (x)
Rule (1) : Let E be a proper fraction. To each non repeated factor (ax +b) of g(x),

A
there will be a partial fraction of the formm , Where 'A' is a non-zero real number, to be

determined.
f () :
Rule (2) :- Let 2(x) be a proper fraction. To each non repeated factor (ax+5)", a =0,

where 'n' is a positive integer, of g(x) there will partial fraction of the form,
A A

1 2

.............................. +——
ax+b  (ax+b) (ax+b) where 4, 4,,.cccccevuenuen A, are to be
determined constants.
VACY) : :
Rule (3) :- Let 2(x) be a proper fraction. To each non repeated quadratic factor
Ax+ B

(ax2 +bx + c) , a#0of g(x) there will be a partial fraction of the form = , where
A,BeR
f(x)

Rule (4) :- Let % be a proper fraction. If n(>1) e N is the largest exponent so that

+bx+c

(ax2 +bx + c)n , a # 0, isafactor of g(x),then corresponding to each such factor, there will

be partial fractions of them form
Ax+ B, Ax+B, Ax+B,
+ F o +

2 2 n
ax”+bx+c (ax2+bx+c) (ax2+bx+c)

where 4, 4,,........... A, BB, B e€R
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Sol:-

Sol:-

Sol:-

S ()
of % is an improper fraction with degree of f(x) > the deg. of g(x) then by using

R
division algorithm, fé ;— q(x)+ ﬁ wher e( (x);tO) (( )) is a proper fraction. Further

r(x)

—g x) can be resolved into partial fractions using the above rules.

SHORT ANSWER QUESTIONS (4 MARKYS)

5x+1 . ) )
Resolve —(x +2)(x-1) into partial fractions.
Sx+1 A B
et = +
(x+2)(x-1) x+2 x-1

Where A and B are non-zero real numbers to be determined.

Sx+1  A(x-1)+B(x+2)
(x+2)(x=1)  (x+2)(x-1)

Then

L A(x-1)+B(x+2)=5x+1 .. (1)
Putingx=11ineq. (1), we get
3B=5+1, ie.B=2
Putingx=-21ineq. (1), we get
—3A=-9, 1ie.A=3
Sx+1 3 N 2
(x+2)(x-1) x+2 x-1

2x+3
Resolve 7~ -~ into partial fractions.

x+1)(x-3)
2x+3 A B
et = +
(x+D(x-3) x+1 x-3

L, 2031 2343 9
~1-3 4 3+1 4

2x+3 -1 o 1

- (x+1)(x-3) 4(x+l)+4(x—3) C4(x+1)

X +5x+7 N
Resolve —(x 23y into partial fractions.
x*+5x+7 ! B N C

Let (x-3)3 _X—3+(x—3)2 (x—3)3
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Sol:-

Sol:-

Where A, B and C are constants to be determined.
o X +5x+7  A(x-3)+B(x-3)+C
(x-3° (x-3)°
L X’ +5x+7=Ax"+(B-64)x+(94-3B+C)
Now, comparing the coefficients of like powers ofx in (1), we get
A=1,B-6A=5 9A-3B+C=7
Solving these equations we getA=1,B=11,C=31.

X' +5x+7 1 11 31
: = +

G (x-3) (x-3) (x-3)

x* +13x+15
Resolve Qx+ 3)(x + 3)2 into partial fractions.

Here (2x+3) is a linear factor and (x+3) is repeated linear factor. We apply Rules I and IT and

write
X+13x415 A4 B C
Qx+3)(x+3)" 2x+3 x+3 (x+3)

Where A, B and C are constants to be determined.
 A(x+3) + B(2x+3)(x+3)+ C(2x+3) = x* +13x+15
Puttingx=-3 in (1) we get, -3C=-150rC=5

Putting ¥=— in (1 e N
utting > in (1), we get, 4 g orA=-L

Now comparing the coefficients in eq. (1), we get
A+2B=1
Le. -1 +2B=1 (- A=-1)
B=1
x” +13x+15 -1 1 5
> = + + P
(2x+3)(x+3) 2x+3 x+3 (x+3)

+4
Resolve Zx— into partial fractions.
(x"=4)(x+1)

x+4 _ x+4 _ A N B N C
(> =4)(x+1) F-2)(xX+2)(x+1) x+1 x+2 x-2
X+4=Ax+2)(x-2)+B(x+D(x=2)+c(x+1)(x+2)
Putting x = —1 in(1), we get
-1-4=4(1-4)+0+0=>-34=3=>4=-1
Putting x = -2 in (1), we get
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2 1
2:B(_2+1)(_2_2):4B:2:B:Z:§
Putting x =2 in(1), we get
6:C(2+1)(2+2)2>12C=6:>c:£:l
12 2
A:—I,le,Czl
2 2
x+4 -1 1 1
.'. = + +
(x2-4)(x_ 1) x+1 2(x+2) 2(x-2)
6. R esolve x +2)(x2 ) into partial fractions.
x*-3 A Bx+c

. = +

Sob- Let " P41 xx2 X+l
x*=3=A(X* +1)+(Bx+c)(x+2)
x:—2:>4—3:A(4+1)+0:>5A:1:>A:%

Comparing x* coefficients

1:a+B:>B:1_A:1_l:ﬂ
55
Comparing Constants
3—At2em2e=3=4=3_L-"16
5 5
5x2 5
x> =3 1 4x—-8
3 + + 5
(x+2)(x"+1) 5(x+2) 5(x"+1)
2x* +1 . .
7. Resolve o1 into partial fractions.
2x2+1_ 2x% +1 A Bx+C

Sol:- FE _(x—l)(x2+X+1):x—l+x2+x+1
2% +1= A(x* +x+1)+ (Bx+ C)(x~1)
= AX* + Ax+ A)+ Bx* = Bx+ Cx—C
2x* +1=(A4+B)x*+(4-B+C)x+(4-C)

Comparing 2 coefficients A+ B =2 ceeeeveeereeenieeeniieeennens (1)
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Sol:-

Comparing X coefficients A+B—-C=0.cecvveennn.

Comparing Constants A=C =1 coeerereerreennnn.

(H+(2)
A+B=2
A+B-C=0

34=3=A4=1
()=>1+B=2=B=2-1=1

B3)=>1-C=1=-C=1-1=0=>C=0

LA=1,B=1,C=0
2x*+1 1 X
T3 = T3
x=-1 x-1 x"+x+1
3x*-2x% -1

Resolve —/————
x+x2+1

into partial fractions.

x4+x2+1:(xz+1)2—x2 :(x2+x+l)(x2—x+l)

3x7 —2x% -1 Ax+ B Cx+D

.. Let y > =— +—
x +x"+1 X +x+1 x —x+1

3x° = 2x* —1=(Ax+ B)(x* —x+ 1)+ (Cx+ D)(x*> + x +1)

comparing the coefficients of x*, x*, x and constants in (1), we get

A+C =3 oo (2)
—A+B+C+D=-2 e 3)
A=B4+CH+D =0 ceeemeeeneeineennnn (4)
J I 5 S (5)
(2)=> C=3= Ao, (6)
(5)=> D= —1=B oo (7)

Putting these values in (3), we get
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—4
—A+B+3—A—I—B:—2:>—2A:—4:>A:—2:2 4=
Putting these values in (4), we get
A-B+3-A4-1-B=0
—ZB:—2:>B:_—2:1 LB
(6)=>C=3-2=1 ~C=1
(MN=>D=-1-1=-2 ~D=-2
3x°=2x" -1 2x+1 x=2
T a2 = L)
X +x+1 x+x+1 x"—x+1
X4
9. Resolve m into partial fractions.
x* x*
SOk T TD(x-2) (x—3x+2)
15x—-14
=X +3x+T7+——
T R e (1)
_ 15x-14  15x-14 4 N B
¥ =3x+2 (x-D(x-2) x-1 x-2
15x-14=A(x-2)+ B(x-1)
x=1=15-14=A(1-2)+B(1-1)
1= A(-1)+ B(0)
l=—4=> A4=-1
x=2=30-14=A4(2-2)+B(2-1)
16 = A(0)+ B(1)
16=RB
L A=-1,B=16
4
X ) 1 16
. ——=Xx"4+3x+7——+
+ From () 0 Th—2) x—1 x-2
X3
10.  Resolve (x-a)(x-b)(x-¢) into partial fractions.
x3 A B C
Sol:- =1+ + +
(x—a)(x—-b)(x—c) x—a x-b x-c

¥ =(x—a)(x=b)(x—c)+ A(x—b)x—c)+B(x—a(x—c)+(x—a)(x—b)
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3
a

(a=b)a—c)
_
(b-a)b—c)

x=a=a =0+ A(a-b)a-c)+0+0=>A=

x=b=>b"=0+0+B(b—-a)b—c)+0=B=

3
(&

(c—a)(c—D)

x=c=>c =0+0+0+c(c—a)c—-b)=C=

x a b’ c’

=1+ + +
(x—a(x—b)(x—c) (a=b)a-c)x—a) b—-a)b—c)x-b) (c—a)c—b)x—c)

Problem for Practice

5x+6
1) Resolve (2 n x)(l _ x) into partial fractions.

5x+6 _ 4 N 11
Anss (04 x)(1-x) 3(2+x) 3(1-x)
2x+3

(i1) Resolve ( e 1)3 into partial fractions.

2x+3: 2 N 5
A ) ) )

X’ —2x+6
(i)  Resolve (x _ 2)3 into partial fractions.

x2—2x+6_ 1 2

Ans: (x_2)3 (x_2)+(x—2)3

1
(iv)  Resolve ( Y 1)2 ( e 2) into partial fractions.
Ans:  Example 3, Page No. 266 from Text Book.

9
v) Resolve ( x—l)( 4t 2)2 into partial fractions.
9

1 1 3

AS: - (x-1)(x+2) x-1 242 (x+2)
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2x* +3x+4

(vi)  Resolve ( e 1) ( o 2) into partial fractions.

2x* +3x+4 3 2—x

A (xo1)(xP42) 1 42

2
X

(vii)  Resolve m into partial fractions.




Sol:-

Sol:-

Unit

| Measures of Dispersi0n|

Mean deviation for ungrouped data :

' . 1 -
@) Mean deviation about the mean = n (Z X~ X)

(n— number of observations, X — mean, x, — observations)

. - . 1
(11) Mean deviation about median = o Z | X; —med |

(x, — observations, n— number of observations, med. — median)

VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

Find the mean deviation from the mean of the following discrete data.

6,7,10,12,13,4,12, 16

The Arithmetic mean of the given data is

6+7+10+12+13+4+12+16
: =

The absolute values of the deviations :

[x, x| are 4,3,0,2,3,6,2,6

The mean deviation from the mean

8
= =l

X =

10

X, —X
) ‘ _ 4+3+O+2;3+6+2+6 :%:3.25

Find the mean deviation from the median of the following discrete data.
6,7,10,12,13,4,12, 16

Expressing the data points in the ascending order of magnitude, we get

4,6,7,10,12,12,13,16
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Then the median of these eight observations
10+12
===

Then the absolute values
x;,—b| are 7,5,4,1,1,1,2,5

The mean deviation from the median

b 11

8

Z|Xi _b| B 26

= il ="2=325.
8 8

3. Find the mean deviation about the mean for the following data
3,6,10,4,9,10
Sol:- Mean of'the given data is
3+46+10+4+9+10 42
6 "6
The absolute values of the deviataions are 4, 1,3,3,2,3

7

X =

The required mean deviation about mean is

6
2k 44143434243 16
==l = =—=2.67
6 6 6

4. Find the mean deviation about the median for the followind data
4,6,9,3,10,13,2

Sol:- The ascending order of the observations in the given data : 2, 3,4, 6,9, 10, 13
Median of the given data is

M= 7—Jrlth term =6
2
The absolute values of the deviataions are 4, 3,2, 0, 3,4, 7.

The required mean deviation about median is

;
Z|Xf_M|:4+3+2+0+3+4+7 23

M.D. == =—=3.29
7 7
Problems for Practice
@) Find the mean deviation about the mean for the following data

38, 70, 48, 40, 42, 55, 63, 46, 54, 44
(i1) Find the mean deviation about the median for the following data
13,17, 16, 11, 13, 10, 16, 11, 18, 12, 17



Unit

‘ Probability l

Probability: If arandom experiment results in a exhaustive, mutually exclusive and equally likely

elementary events and m of them are favourable to happening of an event E, then the probability of

occurance of E denoted by P(E) is defined by P(E) = m,
n

Sol:-

Sol:-

SHORT AND LONG ANSWER TYPE QUESTIONS

A fair coin is tossed 200 times. Find the probability of getting a head an odd number of
times.
Experiments : A fair coin is tossed 200 times
n=2X2Xu........ x 2 (200 times)
= 2200
E : The event of getting a head an odd number of times

m =2°C, +°C, + 2Cy + e+ C yy =227 =2

m 2199 1
PE) ===

Out of 30 consecutive integers, two integers are drawn at random. Find the probability
that their sum is odd.

Experiment : Drawing two integers from 30 consecutive integers

30x29

n="C, = =15%29

E : The Event that the sum of the two integers drawn is odd
m="C,x ”C, [sum oftwo integers is odd if out of two one is even and one is odd.
There are 15 even and 15 odd integers in 30 consecutive integers]
=15x15
=225
m 225 15

P(E)=—= ==
n 15x29 29
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3. Find the probability of throwing a total score of 7 with 2 dice ?
Sol:-  Experiment : Throwing 2 dice
n=6x6=36 S={(11(12)ccrrreeerns (16)
(29(2.2) e (2.6)
(6,1)(6,2).cccouereens (6.6)}
E : The event of getting a total of 7
E=(1,6)(2,5)(3,4)(4,3)(5,2)(6,1)
m=n(E)=6
pE)-m_NE)_6 _1
n nS) 36 6
4. A pagein opened at random from a book containg 200 pages. What is the probability
that the number on the page is a perfect square ?
Sol:- Experiment : Opening a page of a book of 200 pages
n= 200C1 =200
E : The event that the opened page number in a perfect square
E={r2°3" ... 1420 ={14,9,........... 196}
m=n(E)=14
P(E)=m= n(E) _ 14 _ 7
n n(S) 200 100
5. If 4 fair coins are tossed simultaneously, then find the probability that 2 heads and 2
tails appear.
Sol:-  Experiment : Tossing 4 fair coins
n=n(s)=2*=16
E : The event of getting 2 heads and 2 tails
E={HHTT,HTHT, THTH, HTTH, THHT, TTHH }
m=n(E)=6= %
pE)_M_NE)_6 3
n nS) 16 8
6. Find the probability that a non-leep year contains (i) 53 Sundays (ii) 52 Sundays only.
Sol:- A non leep year contains 365 days, Hence 52 sundays and 1 day
1) E : The event that a non leep year contains 53 sundays

P(E,) = probability that the 1 day is Sunday
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=3 [ favourable case is only 1 that is Sunday total no. of days of a week is 7 |

(i) E, : The event that anon leap year contains only 52 sundays
P(E,) = The probability that the 1 day is not a sunday
= The probability that the 1 day is MON, TUE, WED, THUR, FRI, SAT

6
= 7 [ Favourable cases 6. total no. of days of a week is 7 |

Probability - Axiomatic approach

Let S be the Sample space of a random experiment which is finite. Thena function P : P(S) —» R
satisfying the following axioms is called a Probability Function [ P(S) is the power set of S]
@) P(E) >0 VE €P(S) [axiom of Non-negativity]
i PS)=1
@) IfE,E,eP(S)and E,nE,=¢ then

P(E, UE,) =P(E,)+P(E,) [axiom of additivity]
Note :- Let S be a sample space of a random experiment and P be a probability function on
P(S), then

0 P(6)=0

@  P(E“=1-P(E)

@) If E,<E,Then F’(E2 - E1) =P(E,)-P(E,)

vy If E,<E,ThenP(E,)<P(E,)

Additional theorem on probability

7. State and prove addition theorem on probability.
Statement :- If E , E, are any two events of a random experiment and P is a probability
function then P(E1 U EZ) =P(E,)+P(E,)- P(E1 N Ez)
Proof:- Case(i) Suppose E, "E, = ¢
=P(E,nE,)=0
We know that F’(E1 ) E2) =P(E,)+P(E,) [ from axiom of additivity ]
= P(E1 uEZ) =P(E,)+P(E,)-0
= P(E1 uEz) =P(E,)+ P(Ez)—P(E1 N E2)
Case (ii) :-
Suppose E, NE, # ¢
E,UE,=E,U(E,-E,)
= P(E, UE,)=P(E, U(E,-E,))
= P(E, UE,)=P(E,)+P(E, -E,) [ E,n(E,-E)=9]
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= P(E,UE,)=P(E,)+P(E, - (E,nE,)) [~ E,-E,=E,-(E,NE,)]
= P(E, UE,) =P(E,)+P(E,) -P(E, NE,)
[.P(A-B)=P(A)-P(B)if Bc A and sinceE,nE, cE, |

No. Event Set-Theoratic description
1. Event A or Event B to occur AUB

2. Both event A and B to occur ANB

3. Neither A nor B occurs A° NB® =(AuU B)C

4. A occurs but B does not occur A~ B¢

5. Exactly one of the events A, B to occur

(A-B)u(B-A)or
(AuB)-(AnB)
Applications of Addition Theorem on Probability
8. If A and B are two events, then show that i) P(A - B) =P(A) - P(A n B).

ii) The probability tht exactly one of them occurs, is given by
P(A) + P(B) - 2P(A n B).

Sol- i))A=(A - B) U (A ~ B)and & = (A-B) n(ANB) A B
~P(A)=P[(A-B)U(A N B)] = P(A-B) + P(A NB) @

— P(A-B)=P(A)-P(A NB).

i1) The probability that exactly one of them occurs

=P[(A-B)U(B - A)]= P(A-B)+PB-A)
=P(A)-P(A ~B)+ P(B)-P(A ~B)=P(A)+P(B)-2P(A NB).

0. Suppose A and B are events with P(A) = 0.5, P(B) = 0.4 and P(A~ B)=0.3.
Find the probability that i) A does not occur ii) neither A nor B occurs.

Sol:- 1) The pobability that A does not occur =P(A)=1-P(A)=1-0.5=0.5.
i1) The probability that neighter A nor B occurs =P(A* " B) =P(AuB)*=1-P(AuUB)

=1-[P(A)+P(B)-P(AnB)]=1-[0.5+0.4-0.3]=0.4.

10. In an Experiment of drawing a card at random from a pack. The event of getting a
spade is denoted by A and getting a pictured card (King, Queen or Jack) is denoted by
B. Find the probabilities of A, B, AnB and A UB.

Sol:-  Experiment : Drawing a card from a pack
n=n(S)= 52., =52
A : The event of getting a spade card
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11.

Sol:-

12.

Sol:-

B : The event of getting a pictured card
n(B) =12 [4 kings +4 Queens + 4 Jacks]

=12
p@)- "B _12_3
nS) 52 13

A N B : The event that the drawn card is a spade pictured card
N(ANB)=3; =3 [ onespade king + one spade Queen + one spade Jack]

n ) MACE) S

P(AuB)=P(A)+P(B)-P(AnB) (.. Addition Theorem)
13 12 3 13+12-3 22

52 52 52 52 52
P(AuB):ﬂ
26

In a class of 60 boys and 20 girls half of the boys and half of the girls know cricket.
Find the probability of the event that a person selected from the class in either a boy,
or a girl knowing cricket.

Total no. of persons in the class = 80 (60B+20G)

Experiment : Selecting a person from the class

n=n(S)= 80, =80

A : The event that the selected person is a boy

B : The event that the selected person is a girl knowing cricket.

Al1B=1i

AcB : The event that the selected person is a boy or a girl knowing cricket.

n(A)=60, =60;n(B)=10. =10 (Halfof20 Girls)

_n(A)_60 o n(B)_10
P(A)= n(S) 80 PEB)= n(S) 80

S
P(AUB)=P(A)+P(B) [.. AnB = ¢]
_60 10_70_7
80 80 80 8
If one ticket is randomly selected from tickets numbered from 1 to 30, then find the

probability that the number on the ticket is (i) a multiple of 5 or 7 (ii) multiple of 3 or 5.

Experiment : Selecting one ticket from 30 tickets numbered from 1 to 30
n=n(S)=30; =30
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@)

(ii)

13.

Sol:-

14.

Sol:-

A : The event that the number on the ticket is a multiple of 5
B : The event that the number on the ticket is a multiple of 7
C : The event that the number on the ticket is a multiple of 3
A={5,10,15,20,25,30} B={7,14,21,28} C={3,6,9,12, 15, 18,21, 24,27,30}
n(A)=6, n(B)=4, n(C)=10
A N B = The event that the number is a multiple of both 5 and 7
A N C = The event that the number is a multiple of both 5 and 3
AnB=¢, AnC={1530}
n(AnC)=2
P(AuB)=P(A)+P(B) [ AnB= (1)]
_ n(A) . h®) n(B) 6 4 10 1
n(S) n(S) 30 30 30 3
P(AuUC)=P(A)+P(C)-P(AnC)
_ n(A)+ n(C) (AmC) 6 10 2 14 7
n(S) n(S) n(S) 30 30 30 30 15
A, B, C are 3 news papers from a city. 20% of the population read A, 16% read B,
14% read C, 8% both A and B, 5% both A and C, 4% both B and C and 2% all the
three. Find the percentage of the population who read atleast one news paper.
A UB uU C: The event that read atleast one of Aor B or C

20 P(B) = 16 P(C) = 14
100 100

Given P(A) = P(ANB)=

8
100 100
P(AmC)—i PBNC)= 4 P(AmBmC):i
100 100 100
P(AuBuUC)=P(A)+PB)+P(C)-P(AnB)-PBNC)-P(CnA)+P(AnBNC)
:20+16+14_ 8 4 5 N 2 :52—17
100 100 100 100 100 100 100 100
_ 35
~100
35% population read atleast one of A, B, C

The probability for a contractor to get a road contract is 2/3 and to get a building
contract is 5/9. The probability to get atleast one contract is 4/5. Find the probability
that he gets both the contracts.
Let A be the event of getting road contract, B be the event of getting building contract.
P(A)=2/3,P(B)=5/9,P(AuUB)=4/5
2 5 4 30+25 36 19
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15.

Sol:-

16.

Sol:-

In a committee of 25 members each member in proficient either in Mathematics or in
Statistics or in both. If 19 of these are proficient in Mathematics, 16 in Statistics. Find
the probability that a person selected from the committee in proficient in both.

When a person is chosen at random from the acadey consisting of 25 members, let4 be the
event that the person is an expert in Mathematics, B be the event that the person is an expert in
Statistics and S be the sample sapce Since 19 members are experts in Mathematics and 16

members are experts in Statics,

— P(AUB)=P(S) = P(A)+P(B) -P(A "B)=1= %+ %—P(A AB) =1
L P(AnB)=19,168 , 19+16-25 10 2
25 25 25 25 5

A, B, C are three horses in a race. The probability of A to win the race is tweice of B,
and the probability of B is twice that of C. What are the probabilities of A, B, C to win
the race?

Let, A, B, C be the events that the horses A, B, C win the race repectively.

Given P(A) =2P(B), P(B)=2P(C).

. P(A)=2P(B)=2x2P(C)=4P(C)

Since the horses A, B and C run the race, A UB U C = S and A, B, C mutually disjoint.
P(AuBUC)=P(A)+P(B)+P(C)= 4P(C)+2P(C)+P(C) =1

= 7P(C)=1=P(C)= ;

P(A)=4P(C) = ;; P(B)=2P(C) = %

Conditional probability

Conditional Event :-Suppose A and B are two events of arandom experiment. Ifthe event
'B' occurs after the occurance of the Event 'A' then the event : "happening of B after the
happening of A" is called Conditional Event and is denoted by B/A, Similarly A/B stands for the
event : "happening fo'A' after the happening of B"

Conditional probability :- If'A' and 'B' are two events of a sample space S and P(A)=0, then
the probability of B after the occurance of 'A', and is denoted byP(B/A)

Itis defined as
PBNA)

PBIA =0

[Where P(A) 0]

AnNB) [

Similarly P(A/B) = P(P(B) where P(B) # 0]
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Multiplication theorem of probability

State and prove multiplication theorem of probability

Statement :- If A and B are two events of arandom experiment withP(A) = 0 and P(B) = 0
then P(A NB) =P(A)P(B/A)=P(B)P(A/B)

Proof:- By the definition of conditional probability

_P(BNA)
PB/A)==pa)

— P(BNA)=P(A)PB/A).......... )
Similarty P(A/B) = %

— P(ANB)=P(B)P(A/B)............ (2)

From (1) and (2)
P(AnB)=P(A)P(B/A)=P(B)P(A/B)
Note : P(ANBC)=P(A)P(B/AP(C/ANB)

Def : Independent events :-Two events A and B of an experiment are called independent if
P(AnB)=P(A).P(B)

Note :-

@)
(i)
(iif)

17.

Sol:-

If A and B are independent then P(B/A) = P(B) . That s conditional probability of B givenA
as same an probability of B (That is probability of B does not depend on A)

If A and B are independent P(A/B) = P(A ) (does not depend on B)
IF A, B and C are independent P(A "B n C) =P(A).P(B).P(C)
A pair of dice is thrown. Find the probability that either of the dice shows 2 when their

sum is 6

Experiment : Throwing a pair of dice

n=n(s)=6x6 =36

A : The event that the sum of the two number on the dice is 6

B : The event that 2 appears one either of the dice

Requiredevent B/A : The event that either of the dice shows 2 when their sum is 6
A={(1,3)(2,4)3,3)4,2)5, D}

B={(2, 1)(Z, 2)(2, 3)(2, 4)(2, 5)(2, 6)(1, 2)(2, 2)(3, 2)(4, 2)(5, 2)(6, 2)}
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AnB={(2 4)4, 2)}

_n(A)_5
" n(S) 36

P(AB)= —”(’:(Q)B) = %

P(Ej_P(AmB)_ 2/36

P(A)

_ - =2/5
A P(A) 5/36

18.  An urn contains 7 red and 3 black balls. Two balls are drawn without replacement.

What is the probability that the second ball is red if it is known that the first ball drawn
isred.

Sol:- Total no. ofballs in theurn=10 (7R+3B)
E, : The event that the first ball drawn is red
E, : The event that the second ball drawn is red
The required event :E, /E, the second ball drawn is red if first ball drawn in Red

n(E,/E,) = B¢, =6 (Thereare only 6 Red balls since the first ball drawn is red and it is
not replaced)

N(S) = 9¢, (There are only 9 balls since one ball is already drawn)

n(E,/E,) 6 2
P<E2/E1>:—(n<é> )52

Applications of Multiplication theorem

19.  Abox contains 4 defective and 6 good bulbs. Two bulbs are drawn at random without
replacement. Find the probability that both the bulbs drawn are good.

Sol:-  A': The event that the first bulb drawn is good

B : The event that the second bulb drawn is good.
n(A)=6; =6

6 5
n(B/A) = 3¢, =9 (One good bulb is alread drawn), P(A) = 0 P(B/ A) =9

Required event 4 B : The event that both the bulbs drawn are good.
P(AnB)=P(A)P(B/A)
6 5

=1—_§:

1
3
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20.

Sol:-

21.

Sol:-

A bag contains 10 identical balls of which 4 are blue and 6 are red three balls are taken
out at random from the bag one after other. Find the probability that all the three balls
drawn are red.

A : The event that the first ball drawn is red
B : The event that the second ball drawn is red
C : The event that the third ball drawn is red

Required event: A ~B ~ C : the event that all the three balls drawn are red.

n(A) = 6C1 =6 n[%j =5; =5 (One red ball is already drawn)

n(C/AnB)=4. =4 (tworedballs drawn already)
P(AnBNC)=P(A)P(B/A)P(C/ANB)

b
10

o

i
>

Bag B, contains 4 white and 2 black balls. Bag B, contains 3 white and 4 black balls. A
bag is drawn at random and a ball is chosen at random from it. What is the probability
that the ball drawn is white.

Let =, :eventofchoosingbagB

E, : eventof choosing bag B,

1
Then P(E1) = P(Ez) = E

Let W : event that the ball chosen from the selected bag is white

Then: P(W/E1) :%:g , P(W/EZ) :%

Required event A: (W NE, ) V) (W N E2) (Selecting a bag and then selecting a white
ball from it. That is selecting first bag and a

white ball from it or selecting second ball
and a white ball from it)



[ Probability | 93

P(A)=P[(E,nW)U(E,nW)]

=P(E,nW)+P(E,nW) [ (WANE,)n(WNE,)= d)]

=P(E,).P(W/E,)+P(E,)P(W/E,)

23
T 42

22.  There are 3 black and 4 white balls in one bag, 4 black and 3 white balls in the second
bag. A die is rolled and the first bag is selected if the die shows up 1 or 3, and the
second bag for the rest. Find the probability of drawing a black ball from the bag thus

selected.
Sol:-  E, : Eventof selecting first bag

E, : Event of selecting second bag

2 1

P(E,) = 6 = 5 (1 or 3 out of six outcomes)
4 2 o

P(E,)= 5 = 3 (Remaining 2,4,5,6 out of 6)

B : Event that the ball drawn is black from the selected bag.

PEIE)=3 PBE)=5

Required event W = (E1 N B) u(E2 N B)
P(W)=P[(E,nB)U(E,NB)]

(E,B)+P(E,B) [..(E,nB)"(E,nB)=¢]

=P(E,)P(B/E,)+P(E,) P(B/E,)
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Applications of Independent events

23.

Sol:-

24,

Sol:-

A and B are independent events and P(A) = 0.2, P(B)=0.5 Then Find the values of
@) P(A/B) (ii) P(B/A) (iii) P(A N B) @iv) P(A U B)
(i) P(A/B) =P(A) (.. A, Bareindependent)
=0.2
(i) P(B/A) =P(B) (.. A, Bareindependent)
=0.5
(iii) P(A nB) =P(A)P(B) (.. A, Bareindependent)

=(0.2)(0.5)
=0.1
(iv) P(AUB) =P(A)+P(B)-P(A NB)
=0.2+0.5-0.1
=0.6

A speaks truth in 75% of the cases and B in 80% cases. What is the probability that

their statements about an incident do not match.
Let E, : The event that A speaks truth about an incident

E, : The event that B speaks truth about an incident

75 3 80 4

PE)=—2-2 . pE) =22

Then P(E1)=755=3% * PE)=350"5
3 1 4 1

2P(E1C)=1—Z=Z , P(E§)=1—§=g

Required event E : The event that their statement do not match about the incident
E=(E,nES)U(ES NE,)
P(E)=P[(E,ES)U(ES NE, )]
=P(E,NES)+P(ES NE,) [ (E,nES)n(ESNE,)=9]
P(E)=P(E,)P(ES)+P(ES)PE,) [-E,E,areindependent]
Sls) e
==l =|+|=1 =
4 )\ 5 4 )\ 5

3+4 7

20 20
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25.

Sol:-

26.

Sol:-

27.

Sol:-

A problem in calculus is given to two students A and B whose chances of solving it are
1/3 and 1/4 respectively. Find the probability of the problem being solved if both of
them try independently.

Let E, : The event that the problem is solved by A
E, : The event that the problem is solved by B

. 1 1
G P(E,)=— P(E,)=—
iven P(E,) 3 (E,) 2

Required Event : E; UE, : The event that the problem being solved (that is the problem is
solved by either A or B or by both)

P(E, UE,)=P(E,)+P(E,)-PE,NE,)

1 1
=5+ PEIPE,)

et
=—+——|=|.|=
3 4 \3/\4
_4+3-1_6 1
12 122
If A and B are independent events with P(A) = 0.6, P(B) = 0.7 then find
(i) P(AnB) (i) P(AUB) (iii)) P(B/A) (iv) P(A° nB°)
1) P(ANB)= P(A)P(B)=0.6x0.7=0.42
i) P(AuB) =P(A)+P(B)- P(AUB) =0.6+0.7-0.42=0.88
iii) P(B/A) =P(B)=0.7.
i) P(A® nB®) =P(A°).P(B°)=[1-P(A)][1 -P(B)]=0.4x0.3=0.12.

If A, B, C are three independent events such that P(A nB° n C°) =1/4,

P(A° "B C°)=1/8,P(A° nB° N C°) =1/4, then find P(A), P(B), P(C).

Let P(A)=x,P(B)=y,P(C)=z

P(ANB°NC®)=1/4=P(A)P(B°)P(C°)=1/4 = x(1-y)(1-2)=1/4 > (1)

P(A° BN C°®)=1/8 = P(A°)P(B)P(C®)=1/8 = (1-x)y(1-2)=1/8 > (2)
P(A°*nB°nC°)=1/4 = P(A°)P(B°)P(C°)=1/4 = (1-x)(1-y)(1-2)=1/4 —> (3)

Q: x(1-y)d-2) :1/4: X :1:>x:1—x:>2x:1:>x:1
3)  (A=x)(1-y)Yi=2) 14 1-x 2
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28.

Sol:-

29.

Sol:-

Iv)

~P(A) = %,P(B) - %,P(C) - %.

If A, B, C are three events with P(A U B) = 0.65, P(A N B) = 0.15, then the find the
value of P(A€) + P(B°),

P(A°)+P(B)=1-P(A)+1-P(B)=2- [P(A) +P(B)]
=2-[P(AUB)+P(AnB)]=2-[0.65+0.15]=1.2

A fair die is rolled. Consider the events A = {1, 3, 5} , B = {2, 3} and
C=1{2,3,4,5}. Find

i) PANB),P(AUB ii) P(A/B), P(B/A)

iii) P(A/C), P(C/A) iv) P(B/C), P(C/B)

Let S be the sample space. Then S = {1, 2, 3,4, 5, 6}.
GivenA={1,3,5},B=1{2,3},C={2,3,4,5}
(AnB)={3},(AuB)=1{1,2,3,5},AnC={3,5},BNnC={2,3}
P(AnB)=1/6,P(AUB)=4/6=2/3.

DAAE) 1 pp/a)
n(B) 2’

_n(AnB) 1
"~ n(A) 3

P(A/C):M:%:

P(C/A) = nAnG) _2
n(C)

1
2’ n(A) 3

P(B/C):M:%:

pc/By=2B0O) 2 _,
n(C)

1
2’ n(B) 2
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\ Random Variables & Probability Distributions l

>  Random Variable :- Suppose 'S' is a sample space of random experiment, then any function
X : S — R iscalled a'Random Variable.'
= Probability Distribution Function :- Let'S' be a Sample Space and X : § — R be aran-
dom variable. The function 7 : R —» R defined by F(x) = P(X < x), is called "Probability
distribution function" of the random variable 'x'.
= Discrete Random variable :-A random variable X whose range is either finite or countable
infinite is called a discrete random variable. If the range of X is
X—{xl,xz, .......... xn} or {xl,xz, .......... },
then X is called "Discrete Random Variable".
If x:S — R isadiscrete random variable with range {xl s Xyy Xyerernenne }
() P(X=x)>0 foreveryi.
(ii) > P(X=x)=1
i=1
=  Mean: p=%x,PX=1x,)
=  Variance:o’ =3%x’P(X=x)-p’
Binomial Distribution :
P(X=x)="C, p*q"™", x€{0,1,2..c.cc..c...... n}
() 'n' and 'p' are called 'parameters' of binomial distribution.
(11) Mean of Binomial Distribution (p) = np
(i)  Variance of Binomial Distribution (5 *) = npg

Poisson Distribution :

e—?x;\lx

x!

P(X:x): ,xe{0,1,2, ......... } and ), >0



98 Basic Learning Material - Maths II(A)

VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

1. If the mean and variance of a binomial variable X are 2.4 and 1.44 respectively, find
P(l< X <4)
Sol:- Mean =np =24 ....ccceeueen. (1)
Variance = npg =1.44 .......... (i)
Dividing (2) by (1)
npg 1.44
p 24
144 3
T240 5
Butptq=1
P+0.6=1=P=1-0.6=0.4
Substituting P=0.4 in (1)

q

n(0.4)=2.4
a2 24 _ ¢
04 4

P(l<X<4)=P(X=2)+P(X =3)+P(X =4)

_6

— 2q4p2+6c3q3p3+6 4q2p4

PRI ReIE)

C N o S L

=15. = .52+20. P + o
(6) (6) (6)
=(15.9)] — [ +(20.6)| — | +(15.4)| —
(15.9)] 57 ) +(20.6)| 55 | +(154) 5 |
(6)
=|—1|135+120+60
57! ]
_36x315 2268
15625 3125
2. A poisson variable satisfies P(X=1)=P(X=2), Find P(X=5) ?
Ay x
Sol- P(X=x)=2", (>0)
x!
Given that P(X=1)=P(X=2)
e—?»}\’l e—x}\’Z
TR Cross multiplyingly

=S2=A"=A"-20=0
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Sol:-

Sol:-

=A(A-2)=0
. 87225
Lh=2(n0>0) L P(X=5)=—

In a book of 450 pages, there are 400 typographical errors. Assuming that the number
of errors per page follow the poisson law, find the probability that a random sample of
5 pages will contain no typographical error ?

400 8

The average number of errors per page in the book isA = 450 9

v(8Y
.- "y . e—?»}\lx 9
The probability that these are 'x' errors in a page—= P (X = x) =— = :
x! x!
-8
~. Noerrors then putx=0 = P(X =0)=e®
.. Required probability that a random
(Y

Sample of 5 pages will contain no errors is [P (X = 0)]5 = Lqu

Find the minimum number of times a fair coin must be tossed so that the probability of
getting atleast one head is atleast 0.8

Let 'n' be the number of times a fair coin tossed.

X denotes the number of heads getting.

X follows binomial distribution with parametersnand p = )
Put P(X > 1) > 0.8 (Given)

=1-P(X=0)208 (.. ZP(X =x,)=1)

= -P(X=0)>0.8-1

=-P(X=0)>2-02

= P(X=0)<0.2

1 n
= nCO [Ej <0.2

3 <&
- <=
2 10
1 1
<

2" 5
— 2" > 5, Itistrue for 5 >3

. Minimum value of'n'is 3.
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Sol:-

Sol:-

8 Coins are tossed simultaneously. Find the probability of getting atleast 6 heads.

1
The probability of getting a head = )

1
The probability of getting a tail = )

Probability of getting 't' heads in a random throw of'8' coins

1 X 1 8—x 1 8
P(X:.X)ZSCX(EJ (Ej ZSCX(EJ , x=0,1,2 ................ 8

Probability of getting 6 heads is
P(X>26)=P(X=6)+P(X=7)+P(X=8)

N’ n° n*
-3 +e(3) +al3)
\2 \2 \2

8
=G] [%C,+°C,+°C ]
1 8 8
= C,+°C +1
16><16[ 2 +'C 1]
=L[8X7+8+1}:Lx37:3—7
256 2 256 256

One in 9 ships is likely to be wrecked, when they are set on sail, when 6 ships are on
sail, find the probability for

(a) Atleast one will arrive safely.

(b) Exactly, 3 will arrive safely.

Given, one in 9 ships is to be wrecked

1
Probability of ship to be wrecked (p) = 9

1
Putp+q=1, PutP= 5

Number of ships are (n)=6

rir=0=a (5] (5] -(5)

Probability of atleast one will arive safely
=P(X>0)=1-P(X=0)

n° 1
)
9 9°
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b) Exactly, 3 will arrive safely

—

_[6><5><4)1 g  (8)

—x2
3x2 )9 9 g

LONGANSWERTYPE QUESTIONS (7 MARKS)

1. A cubical die is thrown . Find the mean and variance of X, giving the number on the
face that shows up.

Sol.:  Let S be tha sample space and X be the random variable associated with S, where P(X), is
given by the following table.

X=x, 1 2 3 | 4 5 6
P(X=x) 16 | 16 | 16 | 16 | /6 | 16

6 1 1 1 1 1 1 1(6x7 7
=u=>» xP(X=x)=1—+2.—4+3.—+4.—+5.—+6.—=— =—
Meanof X = U ,Z:;l ( 2 6 6 6 6 6 6 6( 5 ] 5

6
Variance of X=X =0’ = x’P(X =x,) -’

i=1

pliplipl gl el ol 1 Mj-ﬁ _3

6 6 6 6 6 6 6 6 4 12
2. The probability distribution of a random variable of X is given below.
X=x 1 2 3 4 5
P(X=x) k 2k 3k 4k 5k

Find the values of k, mean and variance of X.

5
Sol:- Wehave O P(X =x)=1=>k+2k.+3k +4k +5k =1=15k=1= k =1/15

i=l1

5
Mean= H =inP(X=xi)

i=1

= 1.3k) + 2.2Kk) +3.3k) + 4.(4k) + 5.(5k) = 55k :55x%=13—1

6
Varianceof)(:((52):ZX,.ZP(XZJC,‘)—LL2
i=1

= 12.(k) + 22.(2k) + 32 (3k) + 42.(4k) + 5°.(5k) — >

2
:k+8k+27k+64k+125k—(%j :ZZSk—%:zZSxL—E

15 9
C135-121 14

9 9
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Sol:-

Sol:-

2 X
Find the constant 'c' so that F(x) = C[gj ,yx=1

random variable 'x' ?

Given F'(x) = [%j"
Putx =1, F(1) = [3]
Putx=2, F(2)=

[
Putx =3, F(3)=(%j3

ZF(x)=cZ[§)x =1

[FD)+FQ2)+F3)+ o,

Rt E—

2
It is an infinite G.P. with ¥ = 3 <1
a 2

S, =— a=—,r
I-r 3

23 |_
30{1—2/3}1

30[2%3}:1 :>c=%

_2
3

Let X be a random variable such that P(X =-2)

1
and P(X=0)= 3’ Find the mean and variance of X.

Mean (1) = in P(X =k)

k=-2

affontollod

Mean=0

2
: 2\ _
Variance (G ) =

k=-2

)+2(3)

(k—p)'P(X =k)

------------

is the p.d.f. ofa discrete

S\ | =
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2o (oo (Yoo o)

off)o0fd)osofd)eal) -1t

5. Arandom variable X has the following probability distribution.

X=x 0 1 2 3 4 5 6 7
P(X=x) 0 k 2k | 3k | 2k | K| 2K*| TK+k

Find ()k (ii) the mean and (iii) P(0<X<5)
Sol:-  Sum ofall probabilities Y P(X =x,) =1
> P(X=0)+P(X=1)+P(X=2)+P(X =3)+P(X =4)+P(X =5)+P(X =6)+P(X =7)=1
= 0+k+2k+2k+3k+k>+2k> +Tk* +k =1
= 10k*> +9k—-1=0
= 10k* +10k—k-1=0
= 10k(k+1)-1(k+1)=0
= (10k-1)(k+1)=0
=10k-1=0 k=-1 (k>0

:k:i
10

(i) Mean (1) = ixl- P(X = xi)

i=1

. Mean () =0(0)+1(k)+2(2k) +3(2k) + 4(3k) + 5(k*) + 6(2k*) + 7(7k* + k)
=0+k+4k+6k+12k +5k> +12k> + 49k* + Tk

= 66K* + 30k; Putk = —
10

2
:66(L) +30[L):ﬁ+§:ﬁ
10 10/ 100 1 100
n=3.66
(i) P(0<X<5) =P(X=1)+P(X=2)+P(X=3)+P(X=4)
=k + 2k + 2k + 3k
= 8k
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6. The range of a random variable X = {0, 1, 2} Given thatP(X=0)=3c¢3, P(X=1)=4c-
10c2, P(X=2)=5c-1 then (i) Find the value of 'c'
(i) P(X<1)
(iii) P(1<X<2) and
(iv) P(0<X<3)
Sol:-  Given X= {0, 1,2}

We know that ), P(X = x,) =1

i=1

= P(X=0)+P(X=1)+P(X=2)=1
= (3¢)+(4c—10¢*)+(5c-1) =1
=3¢’ -10c¢’ +9¢-1-1=0
=3¢’ -10c¢> +9¢-2=0
c=1 |3 -10 9 -2

‘0 3 7

3 702

=3c’-T7c+2=0
=3¢’ -6c—c+2=0
=3c(c-2)-1(c-2)=0
= (3c-1)(c-2)=0

i  PX<1)
P(X<1)=P(X=0)
=3¢’
IfC=1= 3¢’=3(1)*>=3>1 (not possible)
IfC=2= 3¢’=3(2)’=24>1 (not possible)
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1 1y 11
IfC:—:>3C3:3(—j =3—=—<1
3 3 27 9
~Co=taa spor<n=1
3 e 9
@) P(1<X<2) =P(X=2)
=5C-1
1 1 5 2
C=-— :5[—]—1:__1:_
Put&=3= 33 3
) P(0<x<3) =P(X=1)+P(X=2)+P(X=3)
— (4C-10C?)+(5C-1) +0
= -10C*+9C-1
= =103 +5(3)
C=-= =-10/=| +9[=|-1
Put 3 3 3
=_—10+3—1
9
102 10418 8
9 1 9 9
k
8. The range of a random variable X is {1, 2, 3....} and P(X = k) =0 (k=123.......... )

Find the value of (i) 'c' and (ii) P (0<X<3)
Sol:-  Sum of'the probabilities = 1

ie., ZP(Xin)Zl
i=1

=>P(X=1)+P(X=2)+P(X =3)+..c.... +oc=1

c c C
=S —Ft—Ft—F +oc=1
o2 3
Adding '1' on both sides
2 3
1+£+C—+C—+ ....... +oc=2
1 2! 3!
=e =2
=C=log,2 . (@)
(i) P(0<X<3) =P(X=1)+P(X=2)
2
=C+C—
2
log, 2)°
:log62+(0g26 o (i)
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0. Two dice are rolled at random. Find the probability distribution of the sum of the num-

bers on them. Find the mean of the random variable.
Sol:-  Dice has 6 faces and 1 to 6 numbers are written on each face of the dice.
If two dice are rolled, sample space s consists (Total number of outcomes)=6=36 points
Theyare S = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1).......... (2, 6),......(6,6)}
Let X denote the sum of numbers on the two dice
ie., 1+1=2, 14+2=3, ........ 6+6=12
-. Rangeof Xi1s X =1{2,3,4,5.......... 12}
Probability distribution for X is given below.
X=X 213 4 5 6 7 8 9 10 11 12
1 2 3 4 5 6 5 4 3 2 1

36|36 | 36 | 36| 36| 36| 36 | 36 | 36 | 36 | 36

P(X=X)

12
MeanofX:H:zxiP(X:xi)
=2
= I C R R ER e
36 36 36 36 36
+7[£} +8(i) +9(ij +10(i) +ll(i] +12[Lj
36 36 36 36 36 36
:31—6[2+6+12+20+30+42+40+36+30+22+12]

252 _

36 =7
10. | X=x 3 2| 1| o 1 2 3
1 1 1 1 1 1 1
PX=0 | 5| 9| 9| 3| 9| 9] o

is the probability distribution of a random variable 'X'. Find the variance of X.

3
Sol:- Mean (M) = inP(X = xi)

RORE DAV BRUORTBREORYC

:é[—3—2—1+0+1+2+3]

u:%[o]:o
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11.

Sol:-

3
Variance (02) =Y x'P(X=x)-y’

i=-3

- (5 Jr2 (5 07 5 oo (3 )0y (5 Jrr (550
-0)5)+45)+(5)0+(5)+4(5)+2(3)

4 1 1 4
=l+—=+—+—+—+1
9 9
) 4+1+1+4 10 28
c ' =2+——=24—=—
9 9 9
X=x -2 -1 0 1 2 3

P(X=x) 0.1 k 0.2 2k | 0.3 k

is the probability distribution of a random variable X. Find the value of 'k' and the
variance of X ?
Sum of all probabilities = 1
0.1+k+0.2+2k+0.3+k=1
4k+0.6=1
4k=1-0.6
4k=0.4
04

k=—2=0.1
4

Mean (p)=> x.P(X =x,)
=(=2)(0.1)+(-1)(k)+(0)(0.2) +(1)(2k) +2(0.3) +3(k)
=—02-k+0+2k+0.6+3k
=4k +0.4
=4(0.1)+0.4
=0.4+0.4
n=08
Variance (6°) = " x7.P(X =x,) -’

=(=2)7(0.1) +(=1)" (k) +(0)* (0.2) + (1) (2k) +(2)* (0.3) +(3)" (k) —(0.8)’
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=4(0.1)+ k+0+1(2k)+4(0.3) +9k - 0.64

=04+k+2k+1.2+9%-0.64
=12k +0.96

=12(0.1)+0.96
=1.2+0.96

Variance (02 ) =2.16

Problems for Practice
1) If X is arandom variable with probability distribution
k+1)c
P(sz)z( 2k) ,k=0,1,2........ then find 'c'?

1
Ans- C= 1 (Hint : Refer Example 3 from text book page No. 353)



