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6. ax2 + bxy + 3y2 – 5x + 2y – 3 = 0 a, b 

is ax2 + bxy + 3y2 – 5x + 2y – 3 = 0

x2 = y2 xy  = 0
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 + 16 = x

1

2 – 2x
1
 + 1 + y

1

2 –  4y
1
 + 4

 –6x
1
 + 8y

1
 + 25 + 2x

1
 + 4y

1
 – 5 = 0

 –4x
1
 + 12y

1
 + 20 = 0

 4(–x
1
 + 3y

1
 + 5) = 0

 –x
1
 + 3y

1
 + 5 = 0  ... (1)

PB = PC   PB2 = PC2

 (x
1 
– 1)2 + (y

1 
– 2)2 =  (x

1 
– 5)2 + (y

1 
+ 6)2

 x
1

2 – 2x
1
 + 1 + y

1

2 – 4y
1
 + 4 = x

1

2 – 10x
1
 + 25 + y

1

2 + 12y
1
 + 36

 –2x
1
 – 4y

1
 + 5 + 10x

1
 – 12y

1
 – 61 = 0

A B

P

C
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 8x
1
 – 16y

1
 – 56 = 0

 8(x
1
 – 2y

1
 – 7) = 0

 x
1
 – 2y

1
 – 7 = 0 ... (2)

(1), (2) 

1 1

1 1

1

3 5 0

2 7 0

2 0

x y

x y

y

   

  

 

 y
1
 = 2

y
1
 = 2 (2)  x

1
 – 2(2) – 7 = 0 

 x
1
 = 4 + 7 = 11

 P = (x
1
, y

1
) = (11, 2) 

 = PA =    
2 2 2 211 3 2 4 8 6 64 36 100 10        

    r = 10

 A, B, C 

(x – x
1
)2 + (y – y

1
)2 = r2

 (x – 11)2 + (y – 2)2 = 102

 x2 + y2 – 22x – 4y + 25 = 0

(a, b) = (x
1
, y

1
), (x

 
– a)2 – (y

 
– b)2 = r2 

9. (1, 2), (3, –4), (5, –6), (19, 8) 

A = (1, 2), B = (3, –4), C = (5, –6), D = (19, 8) 

S = (x
1
, y

1
), A, B, C 

SA = SB = SC

          SA = SB  SA2 = SB2

 
22 2 2

1 1 1 1( 1) ( 2) 3 ( 4)x y x y       

 x
1

2 – 2x
1
 + 1 + y

1

2 – 4y
1
 + 4 = x

1

2 – 6x
1
 + 9 + y

1

2 + 8y
1
 + 16
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 –2x
1
 – 4y

1
 + 5 + 6x

1
 – 8y

1
 – 25 = 0

 4x
1
 – 12y

1
 – 20 = 0

 4(x
1
 – 3y

1
 – 5) = 0

 x
1
 – 3y

1
 – 5 = 0 ... (1)

 SB = SC  SB2 = SC2

 (x
1
 – 3)2 + (y

1
 + 4)2 =  (x

1
 – 5)2 + (y

1
 + 6)2

 x
1

2 – 6x
1
 + 9 + y

1

2 + 8y
1
 + 16 = x

1

2 – 10x
1
 + 25 + y

1

2 + 12y
1
 + 36

 –6x
1
 + 8y

1
 + 25 + 10x

1
 – 12y

1
 – 61 = 0

 4x
1
 – 4y

1
 – 36 = 0

 4(x
1
 – y

1
 – 9) = 0

 x
1
 – y

1
 – 9 = 0 ... (2)

(1), (2) 

1 1

1 1

1

3 5 0

9 0

2 4 0

x y

x y

y

  

  

  

  

 –2y
1
 = –4

1

4
2

2
y


  



y
1
 = 2  (1)  x

1
 – 3(2) – 5 = 0 x

1
 = 11

 = (x
1
, y

1
) = (11, 2)

  = SA    
2 2 2 211 1 2 2 10 0 100 10       

 A, B, C  (x – x
1
)2 + (y – y

1
)2 = r2

 (x – 11)2 + (y – 2)2 = 102

 x2 + y2 – 22x – 4y + 121 + 4 – 100 = 0

 x2 + y2 – 22x – 4y + 25 = 0 ... (3)

 D = (19, 8) (3) 
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(19)2 + (8)2 – 22(19) – 4(8) + 25

= 361 + 64 – 418 – 32 + 25

= 450 – 450 = 0

 (3)  D 

 A, B, C, D  (3) 

i.e x2 + y2 – 22x – 4y + 25 = 0

 A, B, C, D 

 (a, b),  ‘r’  (x
 
– a)2 + (y

 
– b)2 = r2

 (x
1
, y

1
) (x – x

1
)2 + (y – y

1
)2 = r2

10. (2, 0), (0, 1), (4, 5), (0, c) ‘c’ 

A (2, 0), B = (0, 1), C = (4, 5), D = (0, c) 

 A, B, C, D S =  (x
1
, y

1
)

SA = SB = SC = SD

SA = SB, SA2 = SB2

 (x
1
 – 2)2 + (y

1
 – 0)2 =  (x

1
 – 0)2 + (y

1
 – 1)2

 x
1

2 – 4x
1
 + 4 + y

1

2  = x
1

2 + y
1

2 – 2y
1
 + 1

 –4x
1
 + 2y

1
 + 3 = 0 ... (1)

 SB = SC

SB2 = SC2

A

B

D

C
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22 2 2

1 1 1 1( 0) ( 1) 4 ( 5)x y x y      

2 2 2 2

1 1 1 1 1 1 12 1 8 16 10 25x y y x x y y        

1 18 8 40 0x y  

1 12(4 4 20) 0x y  

1 14 4 20 0x y   .... (2)

(1), (2) 

1 1

1 1

1

4 2 3 0

4 4 20 0

6 17 0

x y

x y

y

   

  

 

17

6
y 

(1) 

1

17
4 2 3 0

6
x

 
    

 

1

17
4 3 0

3
x    

1

17 9
4 0

3
x


   

1

26
4

3
x   

1

26 13

12 6
x


  



 1 1

13 17
, ,

6 6
x y

 
   

 

SC = SD  SC2 = SD2 or SA = SD SA2 = SD2

SA = SD SB = SC     SC = SD 

A = (2, 0)  SA  SA = SD 

 SA2 = SD2
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 (x
1
 – 2)2 + (y

1
 – 0)2 =  (x

1
 – 0)2 + (y

1
 – c)2

 x
1

2 – 4x
1
 + 4 + y

1

2  = x
1

2 + y
1

2 – 2cy
1
 + c2

 –4x
1
 + 4 =  2cy

1
 + c2

213 17
4 4 2

6 6
c c

   
        

   

226 17
4

3 3

c
c

 
   

226 12 17 3

3 3

c c   
 

 –14 = –17c + 3c2

 3c2 – 17c + 14 = 0

 (c – 1) (3c – 14) = 0

 
17 289 168 17 121 17 11

2 3 6 6
c

   
  

   
28

6
    or  

6

6

  
14

3
   or  1

 c = 1  
14

3
, c = 1  D = (0, 1) = B. A, B, C, D 

D = (0, c) = 
14

0,
3

 
 
 

14

3
c 

11. x2 + y2 + 8x + 12y + 15 = 0 (2, 3) 

 x2 + y2 + 8x + 12y + 15 = 0 ... (1)

(1) 
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x2 + y2 + 8x + 12y + k = 0 ... (2)

( )

 (2, 3) 

 22 + 32 + 8(2) + 12(3) + k = 0

 4 + 9 + 16 + 36 + k = 0

 k = – 65

k = –65 (2) 

x2 + y2 + 8x + 12y – 65 = 0

12. x2 + y2 – 8x – 8y + 27 = 0 A(2, 3) A 

 x2 + y2 – 8x – 8y + 27 = 0 ... (1)

A(2, 3) 

22 + 32 – 8(2) – 8(3) + 27 = 0

= 4 + 9 – 16 – 24 + 27

= 40 – 40 = 0

 (1) A 

x2 + y2 – 8x – 8y + 27 = 0  C, AB 

x2 + y2 + 2gx + 2fy + c = 0 

   2g = – 8    2f = – 8 c = 27

g = –4 f = –4

= C = (–g, –f ) = (4, 4)

A = (2, 3)  AB  B = (x
1
, y

1
) 

AB C 

  1 12 3
4, 4 ,

2 2

x y  
   

 

1 12 3
4 , 4

2 2

x y 
  

A
C

B (x
1
, y

1
)

(4, 4)
(2, 3)
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 8 = 2 + x
1
, 8 = 3 + y

1
,

 x
1
 = 6, y

1
 = 5

 B = (x
1
, y

1
) = (6, 5) 

13. (4, 1), (6, 5) 4x + y – 16 = 0 

A (4, 1), B (6, 5) 

x2 + y2 + 2gx + 2fy + c = 0 ... (1)

A (4, 1), (1) 

 42 +12 + 2g(4) + 2f (1) + c = 0

 17 + 8g + 2f + c = 0 ... (2)

B(6, 5) (1) 

 62 +52 + 2g(6) + 2f (5) + c = 0

 61 + 12g + 10f + c = 0 ... (3)

(–g, –f ), 4x + y – 16 = 0 

 4(–g) + (–f ) – 16 = 0

 –(4g + f + 16) = 0

 4g + f + 16 = 0 ... (4)

(2) – (3)

 17 8 2 0

61 12 10 0

44 4 8 0

g f c

g f c

g f

   

   

   

   

 –4(11 + g + 2f ) = 0

 11 + g + 2f = 0 ... (5)

(4), (5) 
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2 (4) 8 2 32 0

2 11 0

7 21 0

g f

g f

g

  

  

  

 

21
3

7
g


    3g  

g = –3  (4) 

4(–3) + f + 16 = 0

 f = –16 + 12 = – 4 4f  

g = –3,  f = –4 (3) 

61 + 12(–3) + 10 (–4) + c = 0

 61 – 36 – 40 + c = 0

15c 

(1) 

x2 + y2 + 2(–3)x + 2(–4)y + 15 = 0

 x2 + y2 – 6x – 8y + 15 = 0

A(4, 1), B(6, 5)  S = (x
1
, y

1
) SA = SB

 SA2 = SB2

 (x
1
  4)2 + (y

1

 – 1)2 = (x
1

 – 6)2 + (y
1

 – 5)2

 x
1

2 – 8x
1
 + 16 + y

1

2 – 2y
1
 + 1

= x
1

2 – 12x
1
 + 36 + y

1

2 – 10y
1
 + 25

 –8x
1
 – 2y

1
 + 17 + 12x

1
 + 10y

1
 – 61 = 0

 4x
1
 + 8y

1
 – 44 = 0 ... (1)

S(x
1
, y

1
), 4x + y – 16 = 0 

 4x
1
 + y

1
 – 16 = 0 ... (2)

(1), (2) 

S

A

•

B

r
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1 1

1 1

1

4 8 44 0

4 16 0

7 28 0

x y

x y

y

  

  

  

  1

28
4

7
y  

y
1
 = 4 (2) 

4x
1
 + 4 – 16 = 0

 4x
1
 = 12 1

12
3

4
x  

 S= (x
1
, y

1
) = (3, 4),  

 = SA =    
2 2

3 4 4 1 1 9 10     

  (x – x
1
)2 + (y – y

1
)2 = r2

      
22 2

3 4 10x y   

 x2 – 6x + 9 + y2 – 8y + 16 = 10

 x2 + y2 – 6x – 8y + 15 = 0

14. x-  (–2, 3), (4, 5) 

x2 + y2 + 2gx + 2fy + c = 0 ... (1)

 ( , )g f  , x-

0f 

(–2, 3) 

 (–2)2 + 32 + 2g (–2) + 2(0) (3) + c = 0 0f 

 13 – 4g + c = 0 ... (2)

(4, 5) 

 42 + 52 + 2g (4) + 0 + c = 0

 41 + 8g + c = 0 ... (3)
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(2), (3) 

13 4 0

41 8 0

28 12 0

g c

g c

g

  

  

  

   12 28g  

28 7

12 3
g


  



7

3
g


  (2) 

7 28
13 4 0 13 0

3 3
c c

 
       

 

39 28
0

3
c


  


67

0
3

c 


67

3
c  

g, f, c (1) 

 2 2 7 67
2 2 0 0

3 3
x y x y

 
     

 

 3(x2 + y2) – 14x – 67 = 0

x-

S = (x
1
, 0) 

A(–2, 3), B(4, 5) 

 SA = SB

SA2 = SB2
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A

S
•

B

 (x
1
+ 2)2 + (0 – 3)2 = (x

1

 – 4)2  + (0 – 5)2

 x
1

2 + 4x
1
 + 4 + 9 = x

1

2 + 16 – 8x
1
 + 25

 4x
1
 + 13 + 8x

1
 – 41 = 0

 12x
1
  28 = 0

1

28 7

12 3
x  

 S = (x
1
, 0) = 

7
, 0

3

 
 
 

 = r = Dist SA =  
2 2

27 7 6
2 0 3 9

3 3

   
       

   

  

2
13 169 250

9 9
3 9 9

 
     

 



   

2

2 2

1

250
0

9
x x y

 
      

 

2

27 250

3 9
x y

 
    

 

2 249 14 250

9 3 9
x x y    

2 2 14 250 49

3 9 9

x
x y    

2 23 3 14 67

3 3

x y x 
 

 3x2 + 3y2 – 14x – 67 = 0

15. A, B x-  x2 + 2ax – b2 = 0 y- y2 + 2py – q2 = 0 

 A, B 

A = (x
1
, y

1
),  B = (x

2
, y

2
) 

 x
1
, x

2
 x2 + 2ax – b2 = 0 
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y
1
, y

2
 y2 + 2py – q2 = 0 

 A, B x
1
,  x

2 
,

A, B y
1
, y

2
.

 x2 + 2ax – b2 = 0 

 = x
1
 + x

2 

 2
= 2

1

a
a


 

 = 

2
2

1 2
1

b
x x b


  

 y2 + 2py – q2 = 0 

 = y
1
 + y

2 
= 

2
2

1

p
p


 

 = 

2
2

1 2
1

q
y y q


   

 AB  (x – x
1
) (x – x

2
) + (y – y

1
) (y – y

2
) = 0

 x2 – x
1
 x – x

2
 x + x

1
 x

2
 + y2 – y

1
 y – y

2
 y + y

1 
y

2
  = 0

 x2 + y2 – (x
1
 + x

2
)x – (y

1
 + y

2
)y + (x

1
 x

2
 + y

1 
y

2
)  = 0

 x2 + y2 + 2ax + 2py – b2 – q2 = 0

[ ax2 + bx+ c = 0 

= 
 

2

xb

a x




 = 2

c

a x


16. (0, 0) x, y- 4, 3 

x2 + y2 + 2gx + 2fy + c = 0 ... (1)

(0, 0) 0c 

x-  4
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2 2 4
2 4 0

2
g c g     

2 2 2g g    

2g  

 y -  3

2 2 2 3
2 3 2 0 3

2
f c f f       

3 3

2 2
f f     

(1) g, f, c 

 x2 + y2  4x  3y = 0

17. x cos  + y sin  = a, x sin  – y cos  = b ( ) 

x cos  + y sin  = a, x sin  – y cos  = b (x
1
, y

1
)

 x
1
 cos  + y

1
 sin  = a ... (1)

x
1
 sin  – y

1
 cos  = b ... (2)

(1), (2) 

(x
1
 cos  + y

1
 sin )2  + (x

1
 sin  – y

1
 cos )2 = a2 + b2

 x
1

2 cos2  + y
1

2 sin2  + 2x
1 
y

1
 sin cos 

+ x
1

2 sin2  + y
1

2 cos2  – 2x
1 
y

1 
 sin cos = a2 + b2

 x
1

2 (cos2  + sin2 ) + y
1

2 (sin2  + cos2 ) = a2 + b2

 x
1

2 + y
1

2 =  a2 + b2

 (x
1
, y

1
) x2 + y2 =  a2 + b2

(0, 0), 
2 2a b  

18. x- y- 6 

 x2 + y2 + 2gx + 2fy + c = 0 ... (1)
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x- A 

 g2 = c ... (2)

x-

 OA = 3  A = (3, 0) 

 (1)  32 + 02 + 2g(3) + 2f (0) + g2 = 0, (2)    g2 = c

 g2 + 6g + 9 = 0

 (g + 3)2 = 0

 g + 3 = 0 3g  

2 9c g  

y-  = 6

22 6f c  

22 9 6f  

2 6
9 3

2
f   

2 9 3f  

 f 2 – 9 = 32

 f 2 = 9 + 9 = 18 18f  

18f  

y

M
A

O (0, 0) (3, 0)
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3 2f  

(1) 

   2 2 2 3 2 3 2 9 0x y x y      

2 2 6 6 2 9 0x y x y     

19. S = x2 + y2 – 4x – 6y – 12 = 0 P(3, 4) 

S = x2 + y2 – 4x – 6y – 12 = 0, P (3, 4)

S
11

 = 32 + 42 – 4(3) – 6(4) – 12 = 9 + 16 – 12 – 24 – 12

= –23 < 0

 P (3, 4) 

20. S = x2 + y2 + 8x + 12y + 15 = 0  P (5, –6) 

P = (x
1
, y

1
) = (5, –6), S = x2 + y2 + 8x + 12y + 15 = 0

 S = 0  ‘P’ = S
11

= 52 + (–6)2 + 8(5) + 12(–6) + 15

= 25 + 36 + 40 – 72 + 15

= 44

21.  P(1, 3)  x2 + y2 – 2x + 4y – 11 = 0 

(x
1
, y

1
) = P(1, 3)  S = x2 + y2 – 2x + 4y – 11 = 0  11S

2 2

1 1 1 12 4 11 1 9 2 12 11 9 3x y x y           

22.  (2, 5)  x2 + y2 – 5x + 4y + k = 0  37   k 

P(x
1
, y

1
) = (2, 5) S = x2 + y2 – 5x + 4y + k = 0 

11S 37

 S
11

 = 37

 x
1

2 + y
1

2 – 5x
1
 + 4y

1
 + k = 37

 22 + 52 – 5(2) + 4(5) + k = 37
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 4 + 25 – 10 + 20 + k = 37

 k  = 37 – 39

2k  

23. P x2 + y2 – 4x – 6y – 12 = 0, x2 + y2 + 6x + 18y + 26 = 0 

P 

P = (x
1
, y

1
) 

S = x2 + y2 – 4x – 6y – 12 = 0 & S1 = x2 + y2 + 6x + 18y + 26 = 0 

P  S = 0 = 11S

2 2

1 1 1 14 6 12x y x y    

P S1 = 0  
11

'S

2 2

1 1 1 16 18 26x y x y    

11 11

'S : S 2 : 3

11

11

'

S 2

3S
 

11

11

'

S 4

S 9


 9 S
11

 = 
11

'4S

 9(x
1

2 + y
1

2 – 4x
1
 – 6y

1
 – 12) = 4(x

1

2 + y
1

2 + 6x
1
 + 18y

1
 + 26)

 9x
1

2 + 9y
1

2 – 36x
1
 – 54y

1
 – 108 – 4x

1

2 – 4y
1

2 – 24x
1
 – 72y

1
 – 104 = 0

 5x
1

2 + 5y
1

2 – 60x
1
 – 126y

1
 – 212 = 0

 P(x
1
, y

1
) 

5x2 + 5y2 – 60x – 126y – 212 = 0
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24. (3, –1)   x2 + y2 – 2x + 4y = 0 

 S = x2 + y2 – 2x + 4y = 0 ... (1)

P = (x
1
, y

1
) = (3, –1) 

S
11

 = 32 + (–1)2 – 2(3) + 4(–1) = 9 + 1 –6 –4 = 10 – 10 = 0

 (1) P

 P S
1
 = 0

 x x
1
 + y y

1
 + g (x + x

1
) + f (y + y

1
) = 0

 x(3) + y(–1) + (–1) (x + 3) + 2 (y – 1) = 0

 3x – y – x – 3 + 2y – 2 = 0

 2x + y – 5 = 0 ... (2)

 C = (–g, –f )

 C = (1, –2)

PCB  B 

B = (x
1
, y

1
) C = PB 

  1 13 1
1, 2 ,

2 2

x y   
     

1 13 1
1 , 2

2 2

x y  
   

 2 = 3 + x
1

–4 = –1 + y
1

1 1x   1 3y  

  B = (x
1
, y

1
)

       = (–1, –3)

 (2)  B 

(2) 2x + y + k = 0 ... (3)

B 

B
 (x

1
, y

1
)

tgt at B

tgt at P

•
C

P (3
, 

1)
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 2(–1) + (–3) + k = 0

5k 

(3) 

(2) 2x + y + 5 = 0

25. 30 ( ) x2 + y2 + 4x + 6y – 39 = 0 

x2 + y2 + 4x + 6y – 39 = 0 

x2 + y2 + 2gx + 2fy + c = 0  2g = 4, 2f = 6, c = – 39

 g = 2, f = 3, c = –39 = 30

2 2 4 9 39 52r g f c      

30=   (x + g) cos + (y + f ) sin = r

 (x +2) cos 30+ (y + 3) sin 30= 52

   
3 1

2 3 2 13
2 2

x y      

   3 2 3
2 13

2

x y  
 

3 2 3 3 4 13x y    

3 3 2 3 4 13 0x y     

26. x2 + y2 – 4x – 6y + 3 = 0 x- 45 

S = x2 + y2 – 4x – 6y + 3 = 0 

x2 + y2 + 2gx + 2fy + c = 0  2g = –4, 2 f = –6, c = 3 

 g = –2, f = –3, c = 3

 = r = 2 2 4 9 3 10g f c     
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x- 45.

 = m  = Tan 45 = 1



y + f = m (x + g) 21r m 

 3 1 2 10 1 1y x     

1 2 5 0x y    

27. x2 + y2 – 3x + 7y + 14 = 0 x + y + 1 = 0 

S =  x2 + y2 – 3x + 7y + 14 = 0 

 x2 + y2 + 2gx + 2fy + c = 0 

2g = –3, 2f = 7, c = 14

3 7
, , 14

2 2
g f c


   

 = 
2 2 9 49

14
4 4

r g f c     

9 49 29 1
14 14

4 2 2


    

d = C x + y + 1 = 0 =  
3 7

, ,
2 2

g f
 

     

x

y

45

C

P
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1 1

2 2 2 2

3 7 3 7 2
1

2 2 2

21 1

ax by c

a b

 
 

 
  

 

1

2
r 

   r = d, x + y + 1 = 0 S = 0 

P(h, k) 

P, x + y + 1 = 0

 1 1

3 7
,

2 2
x y

 
  

 

 1 11 1

2 2

ax by ch x k y

a b a b

   
  



 ax + by + c = x + y + 1 = 0

2 2

3 73 7 1
2 22 2

1 1 1 1

h k
 

     
   



3 7 2

3 7 2

2 2 2
h k

  
  
    

3 7 1

2 2 2
h k   

3 1 7 1
,

2 2 2 2
h k    

1 3 4 1 7
2,

2 2 2 2 2
h k      

6
3

2


  

  P = (h, k) = (2, –3)

28. x2 + y2 + 8x – 4y – 16 = 0 3x – y +  4= 0 

S = x2 + y2 + 8x – 4y – 16 = 0 

x2 + y2 + 2gx + 2fy + c = 0 
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2g = 8, 2f = –4, c = –16

 g = 4, f = –2, c = –16

 = 
2 2r g f c  

        
224 2 16   

       36 6 

= C = (–g,  –f ) = (–4, 2) = (x
1
, y

1
)

 AB  3x – y + 4 = 0 ... (1)

CM = d = C 

1 1

2 2
=

ax by c

a b

 


 ( )

 ax + by + c = 3x – y + 4 = 0, a = 3, b = –1, c = 4

    

 
22

4 3 1 2 4

3 1

   


 

10 10 10
10

10 10


  

  AB

2 22 r d 

x

y

o

C

d

A M B

•
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2

22 6 10 

2 36 10 

2 26

29. x2 + y2 = a2 x cos  + y sin  = p 

x2 + y2 = a2

(0, 0) = C

= r = a

x cos  + y sin   p = 0 ... (1)

ax + by + c = 0 

a = cos , b = sin , c = – p

 d = CM  = C = (0, 0) = (x
1
, y

1
) 

1 1

2 2
=

ax by c

a b

 


 ( )

   
2 2

cos 0 sin 0

cos sin

p
p p

   
   

 

 AB = 2 22 r d

           2 22 a p

30.  x2 + y2 = c2, 1
x y

a b
   A, B AB  

x2 + y2 = c2

 O = (0, 0)

 = r = c

C

d

A M B

•
r
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AB  1
x y

a b
  ... (1)

d = O (0, 0) (1) 

= OM

1 1

2 2
=

ax by c

a b

 


 ( )  (x

1
, y

1
) = (0, 0)

2 2

1

1 1

o o

a b

a b

 



   
   

   

 (1) : 
1 1

1 0x y
a b
    

2 2

1

1 1

a b





 AB  

2 22 r d 

2

2 2

1
2

1 1
c

a b

 
 

 
 

= 

2 2
2

2 2
2

a b
c

b a
 



(1) 

2 2
2

2 2
2 0

a b
c

b a
  



2 2
2

2 2
0

a b
c

b a
  



2 2
2

2 2

a b
c

b a
 



O

d

A M B

•
r
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2 2

2 2 2

1 a b

c a b


 


2 2

2 2 2 2 2

1 a b

c a b a b
 



2 2 2

1 1 1

c b a
   , 

31. x2 + y2 = a2  y = mx + c A, B AB = 2

c2 = (1 + m2) (a2 – 2) 

 x2 + y2 = a2

 O = (0, 0)

= r = a

AB  mx – y + c = 0 ... (1)

d = O = (0, 0) (1) 

1 1

2 2
=

ax by c

a b

 


(  (x

1
, y

1
) = (0, 0))

 
2

0 0

1

m c

m

 




2 1

c

m




 AB  2 22 2r d    ( )

2 2r d   

r2 – d2 = 2

 

2
2 2

2 1

c
a

m
   



O

d

A B

•
r
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2
2 2

2 1

c
a

m


   



 
2

2 2

2 1

c
a

m


   



 c2 = (m2 + 1) (a2  2) .

32. (–2, 3) 3x + 4y + 4 = 0 

x2 + y2 + 2gx + 2fy + c = 0 ... (1)

 (–g, –f ) = (–2, 3) ( )

 –g = –2, –f = 3

2 , 3g f   

 AB   3x + 4y + 4 = 0 ... (2)

 d = (–2, 3) (2) 

1 1

2 2
=

ax by c

a b

 


 ( ) (x

1
, y

1
) = (–2, 3)

   
2 2

3 2 4 3 4

3 4

  




10
2

5
 

 AB 2. ( )

2 22 2r d  

2 2 1r d  

2 2 1r d  

2 21r d  

2 2 21 2g f c     2d 
 (2)2 + (–3)2 – c = 5

8c 

(1) 

x2 + y2 + 4x – 6y + 8 = 0

C

d

A B
•

r

M 3x + 4y + 4 = 0
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33. (2, 3) 3x – 4y + 1 = 0 

 (a, b) = (2, 3)

3x – 4y + 1 = 0 

3x – 4y + 1 = 0  ... (1)

  = d =  (2, 3) (1) 

1 1

2 2
=

ax by c

a b

 


 ( ) (x

1
, y

1
) = (2, 3)

   
2 2

3 2 4 3 1

3 ( 4)

 


 

5
1

5


 



(x – a)2 + (y – b)2 = r2

 (x – 2)2 + (y – 3)2 = 12

 x2 + y2 – 4x – 6y + 12 = 0

34. (–3, 4) y-

 x2 + y2 + 2gx + 2fy + c = 0 

 = (–g, –f ) = (–3, 4) 

 –g = –3, –f  = 4

3 , 4g f   

y- f 2 = c  ( )

 c = f 2 = (–4)2 = 16

16c 

  x2 + y2 + 2(3)x + 2(–4)y + 16 = 0

 x2 + y2 + 6x – 8y + 16 = 0

C d

(2, 3)
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35. x
1
 y

1 
  0   x2 + y2 = a2  P (x

1
, y

1
) 

 S = x2 + y2  a2  = 0

 S = 0, P (x
1
, y

1
) 

 S
1
 = 0

 x x
1
 + y y

1
 – a2 = 0

 x x
1
 + y y

1
 = a2

1 1

2 2
1

x x y y

a a
  

2 2

1 1

1
x y

a a

x y

  

 x-  A 
2

1

,0
a

x

 
 
 

 y-  B 

2

1

0,
a

y

 
 
 

 

  x-
2

1

a

x
 y-  

2

1

a

y

 =  OAB 

1

2
 |(x- ) (y - )|

2 2

1 1

1

2

a a

x y
 

x

y

o A

y

x

B P (x
1
, y

1
)

c
•

y
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4

1 12

a

x y
  

36. x2 + y2 – 22x – 4y + 25 = 0 (3, –4) 

x2 + y2 – 22x – 4y + 25 = 0 

2g = –22, 2f = –4

   g = –11, f = –2

 C = (–g, –f ) = (11, 2)

 P = (3, –4)

  CP 

 2 1
1 1

2 1

y y
y y x x

x x


   


 (x

1
, y

1
) = C &  (x

2
, y

2
) = P = (3, –4)

 
4 2

2 11
3 11

y x
 

   


 
6

2 11
8

y x


   


 3x – 4y = 25 ... (1)

3 4
1

25 25

x y
  

1
25 25

3 4

x y
  



 x-  
25

,
3

 y-  
25

4



(1)  

1

2
 |(x- ) (y- )|

1 25 25 625

2 3 4 24
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37. x2 + y2 – 4x – 6y + 11 = 0 (3, 2) 

 x2 + y2 – 4x – 6y + 11 = 0

2g = –4, 2f = –6

 g = –2, f = –3

 C = (–g, –f ) = (2, 3)

P(3, 2).

 CP


 P 

 2 1
1 1

2 1

y y
y y x x

x x


   


 (x

1
, y

1
) = (2, 3) & P = (x

2
, y

2
) =  (3, 2)

 
2 3

3 2
3 2

y x


   


 3 2y x    

 x + y – 5 = 0

Q (x
2
, y

2
) ‘C’,  PQ  

C 

 2 23 2
, 2,3

2 2

x y  
  

 

2 23 2
2, 3

2 2

x y 
  

Q

P(3, 2)

P 

P 

C
•
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 3 + x
2
 = 4, 2 + y

2
 = 6

        x
2
 = 1, y

2
 = 4

 (x
2
, y

2
) = (1, 4)

38. (–1, 0) x + y – 7 = 0  (3, 4) 

x + y – 7 = 0 Q(3, 4) 

P(–1, 0) ... (1)

 C = (x
1
, y

1
) 

CP = CQ = 

 (CP)2 = (CQ)2

 (x
1
+ 1)2 + (y

1 
– 0)2 = (x

1
– 3)2 + (y

1 
– 4)2

 x
1

2 + 1 + 2x
1
 + y

1

2  = x
1

2 – 6x
1
 + 9 + y

1

2 – 8y
1
 + 16

 8x
1
 + 8y

1
 = 24

 8 (x
1
 + y

1
) = 24

 x
1
 + y

1
 = 3 ... (2)

 CQ, (1) 

 (CQ )  ( (1) ) = –1

 1

1

4
1 1

3

y

x


    



 y
1 
– 4 = x

1 
– 3

 x
1
 – y

1
 = –1 ... (3)

(2), (3) 

C(x
1
, y

1
)

P(–1, 0)

x
 
 + y – 7 = 0

Q(3, 4)
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1 1

1 1

1

3

1

2 2

x y

x y

x

 

  


1

1

1

2

x

y

 



  (x
1
, y

1
) = (1, 2)

 = CP CQ 

  
2 21 1 2 8   



(x – x
1
)2 + (y – y

1
)2 = r2

 (x  1)2 + (y
 
 – 2)2 = 8

 x2 + y2 – 2x – 4y – 3 = 0

39. S = x2 + y2 + 2gx + 2fy + c = 0 (g, f ) 

P(x
1
, y

1
)  S = 0  

11

tan
2 S

r 
 

 

r = 

= 90

P(x
1
, y

1
) = (g, f )

Tan 

11

90

2 S

r 
 

 

 Tan 45 = 
11 11

1
S S

r r
 

11S r 

(g, f )


P
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S
11

 = r2

 x
1

2 + y
1

2 + 2g x
1
 + 2fy

1
 + c = g2 + f 2 – c

 g2 + f 2 + 2g (g) + 2f (f) + c = g2 + f 2 – c

 2g2 + 2f 2 + 2c = 0

 2 (g2 + f 2 + c) = 0

 g2 + f 2 + c = 0 

40. x2 + y2 – 5x + 4y – 2 = 0  (2, 5)  

P = (x
1
, y

1
) = (2, 5) 

 S = x2 + y2 – 5x + 4y – 2 = 0

S = 0 P  S
1
 = 0

 x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

       
5

2 5 2 2 5 2 0
2

x y x y       

5
2 5 5 2 10 2 0

2

x
x y y       

5
2 7 3 0

2

x
x y        x – 14y – 6 = 0

41. x2 + y2 + 6x + 8y – 96 = 0 (2, 3) 

P = (x
1
, y

1
) = (2, 3) 

 S = x2 + y2 + 6x + 8y – 96 = 0

S = 0 P = (x
1
, y

1
)  S

1
 = 0

 P(2, 3) 

x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

 x(2) + y(3) + 3(x + 2) + 4(y + 3) – 96 = 0

 2x + 3y + 3x + 6 + 4y + 12 – 96 = 0

 5x + 7y – 78 = 0
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42. x2 + y2 – 3x – 5y + 1 = 0   (4, 2), (3, –5) 

P = (x
1
, y

1
) = (4, 2), Q = (x

2
, y

2
) = (3, –5) 

 S = x2 + y2 – 3x – 5y + 1 = 0

    S
12

= x
1
 x

2
 + y

1
 y

2
 + g(x

1
 + x

2
) + f (y

1
 + y

2
) + c

= 4(3) + 2(–5) –    
3 5

4 3 2 5 1
2 2

   

21 15
12 10 1

2 2
    

21 15 6 21 15 0
3 0

2 2 2 2

 
     

S
12

 = 0  P, Q 

43. x2 + y2 – 4x + 6y – 12 = 0 x + y + 2 = 0 

x2 + y2 – 4x + 6y – 12 = 0 ... (1)

 x + y + 2 = 0 ...  (2)

(2) lx + my + n = 0 

l = 1, m = 1, n = 2

 (2), 1. x + 1 . y + 2 = 0

(1)  x2 + y2 + 2gx + 2fy + c = 0 

2g = –4, 2f = 6, c = –12

 g = –2, f = 3, c = –12

 = 2 2 4 9 12 5r g f c      

 S = 0 lx + my + n = 0 

= 
2 2

,
lg

lr mr
g f

mf n lg mf n

 
    

    

 (2)  = 
       

1 25 1 25
2 , 3

1 2 1 3 2 1 2 1 3 2
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25 25
2 , 3

1 1

 
    

  

= (2 – 25, –3 – 25)

= (–23, –28)

44. x2 + y2  = 17 (4, k), (2, 3) k 

P = (x
1
, y

1
) = (4, k),  Q = (x

2
, y

2
) = (2, 3) 

S = x2 + y2   17 = 0

P, Q 

 S
12

 = 0

 x
1
 x

2
 + y

1
 y

2
 – 17 = 0

 4(2) + k(3) – 17 = 0

 8 + 3k – 17 = 0

 3k = 9

3k 

45. x2 + y2 + 4x + 6y + 12 = 0  2x + 3y + 11 = 0, 2x – 2y – 1 = 0 

 2x + 3y + 11 = 0 ... (1)

   2x – 2y – 1 = 0 ... (2)

l
1
x + m

1
y + n

1
 = 0, l

2
x + m

2
y + n

2
 = 0 

l
1 
= 2 l

2 
= 2

m
1 
= 3 m

2 
= –2

n
1 
= 11 n

2 
= –1

 x2 + y2 + 4x + 6y + 12 = 0 ... (3)

x2 + y2 + 2gx + 2fy + c = 0 

2g = 4, g = 2

2f = 6   f = 3

c = 12
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(3) (1) & (2) 

r2 (l
1 
l
2 
+ m

1 
m

2
) = (l

1 
 g + m

1 
f  – n

1
) (l

2 
g + m

2 
f  – n

2
) ... (I)

LHS = r2 (l
1 
l
2 
+ m

1 
m

2
) = (g2 + f 2 – c) (l

1 
l
2 
+ m

1 
m

2
)

= (4 + 9 –12) (2(2) + 3(–2))

= (+1) (4 – 6) = –2

RHS = (l
1 
 g + m

1 
f  – n

1
) (l

2 
g + m

2 
f  – n

2
)

= [2(2) + 3(3) – 11] [2(2) + (–2) (3) + 1]

= (4 + 9 – 11) (4 – 6 + 1)

= (2) (–1) = –2

LHS = RHS.

(I) (1), (2) (3) 

2x + 3y + 11 = 0 ... (1)

2x – 2y – 1 = 0 ... (2)

 S = x2 + y2 + 4x + 6y + 12 = 0 ... (3)

(1) P(x
1
, y

1
) 2g = 4 g = 2

P  S
1
 = 0 2f = 6  f = 3

 x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

 (x
1
 + g)x +  (y

1
 + f )y + (gx

1
 + f y

1
 + c) = 0

 (x
1
 + 2)x + (y

1
 + 3)y + (2x

1
 + 3y

1
 + 12) = 0 ... (4)

(1), (4) 



1 1 1 12 3 2 3 12

2 3 11

x y x y
k

   
    ( )



Basic Learning Material - Maths II(B)60

1 1 1 12 3 2 3 12
, , .

2 3 11

x y x y
k k k

   
   

 x
1
 = 2k – 2,  y

1
 = 3k – 3

 2x
1
 + 3y

1
 + 12 = 11k.

 2(2k – 2) + 3(3k – 3) + 12 = 11k

 4k – 4 + 9k – 9 + 12 – 11k = 0

 2k – 1 = 0

1

2
k 

1 1

1 3 3
2 2 1 2 1, 3

2 2 2
x y

 
           

 

 (1),  P(x
1
, y

1
) = 

3
1,

2

 
  
 

P (2) 

2(–1) –2
3

2

 
 
 

–1

= –2 + 3 – 1 = –3 + 3 = 0

 P  (2)  (2) P

 (1),  (2) 

 (3)  (1), (2) 

46. x2 + y2 – 2x – 4y – 4 = 0  kx + 3y – 1 = 0, 2x + y + 5 = 0 

k 

kx + 3y – 1 = 0 ... (1)

2x + y + 5 = 0  ... (2)

x2 + y2 – 2x – 4y – 4  = 0 

l
1
x + m

1
y + n

1
 = 0,  l

2
x + m

2
y + n

2
 = 0,

S = x2 + y2 + 2gx + 2fy + c = 0 
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l
1
 = k, l

2
 = 2, 2g = –2, g = – 1,

m
1
 = 3, m

2
 = 1, 2f = – 4,  f = – 2,

n
1
 = –1, n

2
 = 5, c = –4, c = –4.

(1), (2) 

r2 (l
1
 l

2
 + m

1
 m

2
) = (l

1
g + m

1
f – n

1
) (l

2
g + m

2
f – n

2
) 

(g2 + f 2 – c) (k(2) + 3 (1)) = [k (–1) + 3 (–2) + 1] [2(–1) + 1 (–2) – 5]

(1 + 4 + 4) (2k + 3) = [– k – 6 + 1] [–2 –2 – 5]

 9 (2 k + 3) = (–k –5) (–9)

 9 (2k+3) = (k + 5) (9)

 2k + 3 = k + 5

 2k    Ans

kx + 3y – 1 = 0 .... (1)

  2x + y + 5 = 0  .... (2)

S = x2 + y2 – 2x – 4y – 4 = 0 .... (3)

(2) P(x
1
 y

1
) 

P S
1
 = 0

xx
1
 + yy

1
 – (x + x

1
) – 2 (y + y

1
) – 4 = 0

(x
1
 – 1) x +  (y

1
 – 2) y – x

1
 – 2y

1
 – 4 = 0 .... (4)

(2), (4) 



 1 1

2

x 
 = 

1 2

1

y 
 = 

1 12 4

5

x y  
 = m ( )

 1 1

2

x 
 = m ; 

1 2

1

y 
 = m, 

1 12 4

5

x y  
 = m
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 x
1
 = 2m+1, y

1
 = m + 2,  – x

1
 – 2y

1
 – 4 = 5m

– (2m + 1) – 2 (m + 2) – 4 = 5m

–2m – 1 – 2m – 4 – 4 – 5m = 0

– 9 – 9m = 0  1m  

 x
1
 = 2m + 1 = 2(–1) + 1 = –1

    y
1
 = m + 2 = –1 + 2 = 1

 (2)  P (x
1
, y

1
) = (–1, 1)

(1) & (2) (2) (1) 

 (1) P  .   P  (1) 

k (–1) + 3 (1) – 1 = 0

– k + 3 – 1 = 0     2k  

47. (3, 2) x2 + y2 – 6x + 4y – 2 = 0 

P = (x
1
, y

1
) = (3, 2),  S = x3 + y2 – 6x + 4y – 2 = 0 S = 0 P (x

1
 y

1
)

‘’ 

11

tan
2 S

r 
 

 



2 2

11

tan
2 S

g f c   
 

 

   2 2

9 4 2

3 2 6 3 4 2 2

 


   

S
11

 = x
1

2+y
1

2 + 2gx
1
 + 2fy

1
 + c

   
15

Tan 15
2 1

 
  

 

B

A

P
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1Tan ( 15)

2

 

    = 2Tan–1 ( 15)  

( ) Tan 15
2




cos  = 

2

2

1 Tan 1 15 14 72

1 15 16 81 Tan
2





   
  



 = Cos–1 
7

8

 
 
 

.

48. S = x2 + y2 + 2gx + 2fy + c = 0 P (x
1
, y

1
) 

 
3 2

11

2
11

r S

S r
 (‘r  ) 

S = x2 + y2 + 2gx + 2fy + c = 0.

S = 0 P (x
1
, y

1
) A, B 

AB


, S
1
 = 0 

PA = PB

    = P 

   = 11S

(x
1
, y

1
)

P

 A

B

11S

11S

P (S
1
 = 0)
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P  

 BPA    

11

tan
2

r

S

 
 

 

 Sin  = 
 

 

11

2 2

11

2
2Tan 2 S

1 Tan 2
1

S

r

r












= 
11

2
11 11

S2

S S

r

r




 =  PAB 

=    
1

PA PB .Sin
2



= 

 
11

11 11 2
11 11

2 .S1
S S

2 S S

r

r
  



= 
11 11

2
11

S S

S

r

r

 



= 
 

3 2
11

2
11

S

S

r

r

49. P(3, 5)  x2 + y2 – 16 = 0 P 

 ABC =
1

2
ab  sinC

=
1

2
 (BC) (AC) Sin C

BC, AC C

A

B Ca

bc

(x
1
, y

1
)

= (3, 5)

P


A

B

11S

11S
P  

S = 0

x2 + y2 = 16 = 42

  = 4
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S = x2 + y2 – 16 = 0.

  = 4

P = (x
1
, y

1
) = (3, 5),  A, B 

PA = PB = P = 11S

2 2
1 1 16x y  

2 23 5 16  

18

9 2 3 2  

PAB =    
1

PA PB sin
2

 ,

 PA, PB 

2
11 11 2

2

2 tan1
S S

2 1 Tan




  



4
2

1 3 23 2 3 2
162

1
18



   



4 18
3 3 2

18 163 2
    



 

3 2 4 18

2 34

  




3 2 2 4 18

2 2 17

   


 

108 2

17
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50. P x2 + y2 = a2 . P

 P = (x
1
, y

1
), S = x2 + y2 – a2 = 0 

P(x
1
, y

1
) S = 0 ‘’.

11

Tan
2 S

r 
  

 

2 2 2
1 1

Tan
2

a

x y a

 
  

   

 

2
2

2 2 2
1 1

Tan
2

a

x y a

 
 

   

 2 2 2 2 2
1 1 Tan

2
x y a a

  
     

  

2
2 2 2 2 2
1 1

2
cot

2
Tan

2

a
x y a a





 
      

   
 
 

2 2 2 2 2
1 1 cot

2
x y a a

 
     

 

2 2 2 2
1 1 1 cot

2
x y a

  
      

  
 

2 2cos
2

a ec
 

  
 

 P(x
1
, y

1
)  x2 + y2 2 2cos

2
a ec

 
  

 

P = (x
1
, y

1
)
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51.  x2 + y2 = a2 P A, B AOB 90    

P x2 + y2 = 2a2 

P(x
1
, y

1
)  S = x2 + y2 – a2 = 0  

A, B .... (1)

 O = (0, 0)

S = 0 P  S
1 
= 0

xx
1
 + yy

1
 – a2 = 0. ... (2)

xx
1
 + yy

1
 = a2

1 1
2

1
xx yy

a


 

(2) (1) OA


, OB


 

OA


, OB


 

x2 + y2 – a2 (1)2 = 0.

 x2 + y2 – a2 

2
1 1

2
0

xx yy

a

 
 

 

2 2 2x y a  
 2 2 2 2

1 1 1 1

2

2x x y y x y xy

a

 

2
0

a




 2 2 2 2 2 2 2

1 1 1 1

2

2
0

a x y x x y y x y xy

a

   
 

 a2 x2 + a2 y2  – x2 x
1

2 – y2 y
1

2 – 2x
1
 y

1
 xy = 0

 (a2  – x
1

2)x2 + (a2  – y
1

2)y2  – 2x
1
 y

1
 xy = 0 ... (3)

AOB = 90  (3) 90

 x2 + y2 = 0 ( )

 a2 – x
1

2 + a2 – y
1

2 = 0

 x
1

2 + y
1

2 = 2a2

 x2 + y2 = 2a2  P (x
1
, y

1
) 

P

B

A

 O(0, 0)

P 



Basic Learning Material - Maths II(B)68

52. x2 + y2 = a2 (x + a)2 + y2 = 2a2 

y2 + 4ax = 0 

(x + a)2 + y2 = 2a2  P (x
1
, y

1
) 

 S = x2 + y2 + 2ax – a2 = 0

P  S
1
 = 0

 xx
1
 + yy

1
 + a(x + x

1
) – a2 = 0

 (x
1 
+ a)x + yy

1
 + (ax

1 
– a2) = 0 ... (1)

x2 + y2 = a2  

(1)

x2 + y2 = a2   (0, 0),   = a

 = (0, 0) (1) 

1 1

2 2

ax by c
a

a b

 
 


( )

    

 

2

1 1 1

2 2

1 1

0 0x a y ax a
a

x a y

   
 

 

 2 22 2

1 1 1 12a x a y ax ax a     

   
2 22

1 1 1 12a x a y ax a x a     

(x
1

2 + a2 + y
1

2 + 2ax
1
) = (x

1
 – a)2

2

1x 2a 2 2

1 1 12y ax x   2a 12ax

 y
1

2 + 4ax
1
 = 0

P(x
1
, y

1
), y2 + 4ax = 0 

53. x2 + y2 = a2  P 

x- 
1


2


cot 
1 
+ cot 

2 
= k P 

P (x
1
, y

1
)


2 

1
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P (x
1
, y

1
)  S = x2 + y2  a2 = 0 x-  

1


2


21 ,y mx a m    m = r = a

 P (x
1
, y

1
) 

2

1 1 1y mx a m   

2

1 1 1y mx a m    

(y
1
 – mx

1
)2 = a2(1 + m2)

 y
1

2 + m2 x
1

2  –  2x
1
 y

1
 m – a2 – a2 m2 = 0

 (x
1

2  a2)m2 – (2x
1
 y

1
)m + y

1

2 – a2 = 0

 ‘m’ 

m
1
, m

2
 P m

1
, m

2
 

 m
1 
= tan 

1
, m

2 
= tan 

2
.

= m
1
+ m

2
 = 1 1

2 2

1

2x y

x a

= m
1
.m

2
 = 

2 2

1

2 2

1

y a

x a





cot 
1
 + cot 

2 
= k

1 2

1 1

Tan Tan
k  

 

1 2

1 1
k

m m
  

2 1

1 2

m m
k

m m


 

 m
1
 + m

2
 = k (m

1
m

2
)

1 1

2 2

1

2x y

x a




2 2

1

2 2

1

y a
k

x a
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 2x
1 
y

1 
 = k (y

1

2  a2)

 2xy = k (y2 – a2) P 

 k (y2 – a2) = 2xy.

54. lx + my + n = 0  x2 + y2 = a2 

lx + my + n = 0 P (x
1
, y

1
) ... (1)

 lx
1
 + my

1
 + n = 0 ... (2)

S = x2 + y2  a2  = 0   P (x
1
, y

1
) S

1
 = 0

 xx
1
 + yy

1
 – a2 = 0 ... (3)

(3) 

(3) Q(x
2
, y

2
) 

S
2
 = S

22

 xx
2
 + yy

2
 – a2 = x

2

2 + y
2

2 – a2

 xx
2
 + yy

2
 – (x

2

2 + y
2

2) = 0 ... (4)

(3) & (4) 



 

2

1 1

2 2
2 2 2 2

x y a

x y x y


  

 

2 2

1 1

2 2 2 2

2 2 2 2 2 2

,
x ya a

x x y y x y
  

 

2 2

2 2
1 12 2 2 2

2 2 2 2

,
a x a y

x y
x y x y

  
 

(x
1
, y

1
) (1) 

 (2) 

   2 2

2 2

2 2 2 2

2 2 2 2

0
a x m a y

l n
x y x y
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 l(a2 x
2
) + ma2 y

2
 + n(x

2

2 + y
2

2) = 0

 Q(x
2
, y

2
) 

l a2 x + ma2 y + n(x2 + y2) = 0

 a2 (lx + my) + n(x2 + y2) = 0 

55. x2 + y2 + 6x – 2y + 1 = 0, x2 + y2 – 2x – 6y + 9 = 0 

S = x2 + y2 + 6x – 2y + 1 = 0,

S1 = x2 + y2 – 2x – 6y + 9 = 0

S = 0 S1 = 0 

 = C
1
 = (–3, 1)  = C

2
 = (1, 3)

 = 
1 9 1 1r     = r

2
 = 1 9 9 

9 3         = 1.

    
2 2

1 2 1 3 3 1 16 4 20 2 5C C        

r
1
 + r

2
 = 4

 C
1
C

2
 > r

1
 + r

2



1 2C C  r
1
 :  r

2 
= 3 : 1 

  = Q

2 1 2 1,
m x nx my ny

m n m n

  
  

  

C
1 C

2

3 : 1

C
1 
= (–3, 1)

C
2 
= (1, 3)

Q
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       3 1 1 3 3 3 1 1
,

3 1 3 1

   
  

  

10 5
0, 0,

4 2

   
    
   

56. x2 + y2 – 2x – 6y + 9 = 0, x2 + y2  = 4 

S = x2 + y2 – 2x – 6y + 9 = 0

S1 = x2 + y2  – 4 = 0 

S = 0 S1 = 0 

 = C
1
 = (1, 3)  = C

2
 = (0, 0)

 = 
1 1 9 9r    =1  = 2 4r  = 2

    
2 2

1 2 1 0 3 0 10C C     

r
1 
+ r

2 
= 1 + 2 = 3.

1 2CC  > r
1 
+ r

2



P, 
1 2C C  

r
1 
: r

2 
= 1 : 2 

 ,

         P = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       1 0 2 1 1 0 2 3
,

1 2 1 2

  
  

  

2 6
,

1 1

  
  

  

= (2, 6)

C
1 
= (1, 3)

pC
2

C
1

C
2 
= (0, 0)

1 : 2
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57. x2 + y2 – 4x – 6y – 12 = 0, x2 + y2 + 6x + 18y + 26 = 0 

S = x2 + y2 – 4x – 6y – 12 = 0

S1 = x2 + y2 + 6x + 18y + 26 = 0 

S = 0 S1 = 0 

 = C 
1
 = (2, 3)  = C

2
 = (–3, –9)

 = 1 4 9 12r     = 
2 9 81 26r   

     25            64

     5             = 8

    
2 2

1 2 3 2 9 3C C      

     25 144 169 13   

r
1
 + r

2
 = 5 + 8 = 13 = 1 2CC

 1 2CC  = r
1
 + r

2



 S – S1 = 0

2 2 2 24 6 12 6 18 26 0x y x y x y x y          

 –10x – 24y – 38 = 0

 –2(5x + 12y + 19) = 0

 5x + 12y + 19 = 0 

P(h, k) 

C
1
 = (2, 3) = (x

1
, y

1
)  

5x + 12y + 19 = 0 P.

 1 11 1

2 2

ax by ch x k y

a b a b
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2 2

5 2 12 3 192 3

5 12 5 12

h k    
  



2 3 65

5 12 169

h k  
  

2 3 5

5 12 13

h k  
  

2 5 3 5
,

5 13 12 13

h k   
  

25 60
2 , 3

13 13
h k

 
    

25
2

13
h  

60
3

13
k  

   
26 25

13




39 60

13




   
1

13


21

13
 



 
1 21

, ,
13 13

h k
 

   
 

P, 
1 2C C  r

1
 : r

2 
= 5 : 8 



       5 3 8 2 5 9 8 3
,

5 8 5 8

    
  

  

15 16 45 24
,

13 13

    
  
 

1 21
,

13 13

 
  
 

S1 = 0

S = 0

P
C

2
C

1 ••
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58. x2 + y2 – 4x – 6y – 12 = 0, 5(x2 + y2) –8x – 14y – 32 = 0 

S = x2 + y2 – 4x – 6y – 12 = 0

S1 = 
2 2 8 14 32

0
5 5 5

x y x y      ( ) 

S = 0 S1 = 0 

2g = –4,  2f = –6,  c = –12
1 1 18 14 32

2 , 2 ,
5 5 5

g f c
  

  

   g = –2,   f = –3,    c = –12
1 1 14 7 32

, ,
5 5 5

g f c
  

   

  = C
1
 = (–g, –f ) = (2, 3) = 2

4 7
,

5 5
c

 
 

 
C

2

 = 2 2

1r g f c    = 
   

2 2
1 1 1

2r g f c  

4 9 12  
16 49 32

25 25 5
  

= 5
16 49 160

25

 


225
9 3

25
  

 

2 2

1 2

4 7
2 3

5 5
C C

   
      

   

2 2
6 8

5 5

    
    

   

36 64

25 25
 

36 64

25




100
4 2

25
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r
1
 + r

2 
= 5 + 3 = 8

r
1
 – r

2 
= 5 – 3 = 2 = C

1
C

2

C
1
C

2  
= |r

1
 – r

2
| 

P, 1 2C C r
1
 :  r

2 
= 5 : 3 

2 1 2 1P ,
mx nx my ny

m n m n

  
   

  

   
4 7

5 3 2 5 3 3
5 5

,
5 3 5 3

    
     

    
  

 
 

4 6 7 9 2 2
, ,

2 2 2 2

      
    
   

= (–1, –1)

 (–1, –1).

59. (1, 3) x2 + y2 – 2x + 4y – 11 = 0 

S = x2 + y2 – 2x + 4y – 11 = 0,

P = (x
1
, y

1
) = (1, 3) 

S
11

 = 12 + 32 – 2(1) + 4(3) –11 = 1 + 9 – 2 + 12 – 11 = 9 > 0

 P, 

S
1

2 = S (S
11

)

 [xx
1
 + yy

1
 + g(x + x

1
) + f (y + y

1
) + c]2

= [x2 + y2 – 2x + 4y – 11] (9)

 [x(1) + y(3) – 1 (x + 1) + 2 (y + 3) – 11]2

= 9 [x2 + y2 – 2x + 4y – 11]

 [x + 3y – x – 1+ 2y + 6 – 11]2 = 9 [x2 + y2 – 2x + 4y – 11]

 (5y – 6)2 = 9x2 + 9y2 – 18x + 36y – 99
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 25y2 – 60 y + 36 – 9x2 – 9y2 + 18x – 36y + 99 = 0

 16y2 – 9x2 + 18x – 96y + 135 = 0

 –(9x2 – 16y2 – 18x + 96y – 135) = 0

 9x2 – 16y2 – 18x + 96y – 135 = 0 

‘’ 

2 2

11

tan
2 S 9

g f cr   
  

 

 
2 21 2 11 16

3 3

  
 

4

3


1 4
Tan

2 3

   
    

   

1 4
2Tan

3

  
    

 

 
2 2

cos
4

a b

a b h


 

 

 
2

9 16

9 16 0




 

7

25


1 7
Cos

25

  
    

 

60. x2 + y2 – 2x – 4y – 20 = 0 (5, 5) 5 

S = x2 + y2 – 2x – 4y – 20 = 0 
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C
1
 = (–g –f )

= (1, 2)

2g = –2 g = –1

2f = –4   f = –2

c = –20

 = 2 2g f c 

1 4 20  

25 5 

S = 0  5,  5.

 P = (5, 5) 

C
2 
= (x

1
, y

1
) 

P, 
1 2C C  r

1
 : r

2
 = 5 : 5 = 1 : 1 


1 2C C P

  1 11 2
5,5 ,

2 2

x y  
   

 

1 11 2
5, 5

2 2

x y 
  

 x
1
 = 10 –1, y

1
 = 10 – 2

x
1
  = 9 , y

1
  = 8

 (x
1
, y

1
) = (9, 8),  r = 5

2 2 2

1 1( ) ( )x x y y r   

2 2( 9) ( 8) 5x y   

 x2 – 18x + 81 + y2 – 16y + 64 – 25 = 0

2 2 18 16 120 0x y x y    

C
2

C
1

P

(5, 5)

S = 0

5
•
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61. x2 + y2 – 4x + 6y – 12 = 0  (–1, 1) 

S = x2 + y2 – 4x + 6y – 12 = 0

2g = –4 g = –2

2f = 6   f = 3

c = –12

 C
1
 = (–g, –f ) = (2, –3)

 1 4 9 12 25 5r     

S = 0 C
2
 = (x

1
, y

1
) 

Q = (–1, 1) Q, 

C
1
C

2 
r

1
 : r

2
 = 5 : 2 

2 1 2 1,
mx nx my ny

Q
m n m n

  
  

  

 
   1 15 2 2 5 2 3

1, 1 ,
5 2 5 2

x y   
    

  

  1 15 4 5 6
1, 1 ,

3 3

x y  
    

 

1 15 4 5 6
1, 1

3 3

x y 
   

 5x
1
 – 4 = –3 5y

1 
+ 6 = 3

 5x
1
 = – 3 + 4 5y

1
 = 3 – 6

 x
1
 = 

1

5
5y

1
 = 3

1

3

5
y




  = (x
1
, y

1
) = 

1 3
,

5 5

 
 
 

C
1

C
2

P• •
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 2 

(x – x
1
)2 + (y – y

1
)2 = 22

2 2
1 3

4
5 5

x y
   

       
   

2 21 2 9 6
4 0

25 5 25 5
x x y y       

2 2 2 6 1 9
4 0

5 5 25 25
x y x y       


2 2 2 6 18

0
5 5 5

x y x y    

 5x2 + 5y2 – 2x + 6y – 18 = 0 .

62. x2 + y2 + 2gx + 2fy + c = 0 

, S = x2 + y2 + 2gx + 2fy + c = 0  

P (0, 0) = (x
1
, y

1
) , S

11
 = 02 + 02 + 2g(0) + 2f(0) + c = c 

P S = 0  S
1

2 = SS
11

 [x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c]2 = (x2 + y2 + 2gx + 2fy + c) (c)

 [x(0) + y(0) + gx + fy + c]2 = (c) (x2 + y2 + 2gx + 2fy + c)

 (gx + fy + c)2 = cx2 + cy2 + 2gcx + 2fcy + c2

 g2 x2 + f 2 y2 + c2 + 2gfxy + 2fcy + 2gcx – cx2 – cy2 – 2gcx – 2fcy – c2 = 0

 (g2 – c)x2 + (f 2 – c)y2 + 2gfxy = 0

 (gx + fy)2 = c (x2 + y2)

x2 + y2 = 0

 (g2 – c)  + (f 2 – c) = 0

 g2 + f 2 = 2c  
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63. x2 + y2 + 2gx + 2fy + c = 0 

x2 + y2 + 2gx + 2fy + c Sin2  + (g2+f 2) cos2  = 0, (0 <  < 
2


) 

2

S = x2 + y2 + 2gx + 2fy + c = 0  P (x
1
, y

1
) 

S
11

 = x
1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c = 0 .... (1)

P(x
1
, y

1
) 

S1 = x2 + y2 + 2gx + 2fy + [c Sin2  + (g2 + f 2) Cos2 ] = 0 .... (2)

  

tan '
11

2

r

S

 
 

 



 

 

2 2 2 2 2 2

2 2 2 2 2 2
1 1 1 1

sin cos

Tan
2

2 2 sin cos

g f c g f

x y gx fy c g f

 


 

    
    

  
     

2 2 2 2 2 2 2

2 2 2 2 2

Sin Cos Cos

Sin Cos Cos

g f c g f

c c g f

  

  

   


   

2 2 2 2 2

2 2 2 2 2

Sin Sin Sin

Cos Cos Cos

g f c

g f c

  

  

 


 

 
 

2 2 2

2 2 2

Sin

Cos

g f c

g f c





 


 

2

2

Sin

Cos






Tan

Tan Tan
2


 

   (1) 

x
1

2+y
1

2+2g x
1
+2fy

1
= –c

–c + c sin2

= –c (1 – sin2)

= –c cos2

 S1=0
 S=0 P

(x
1
, y

1
)
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2


= 



   2. 

64. x2 + y2 + 22x – 4y – 100 = 0, x2 + y2 – 22x + 4y + 100 = 0 

S = x2 + y2 + 22x – 4y – 100 = 0

S' = x2 + y2 – 22x + 4y + 100 = 0 

S = 0 r
1 
=  = 2 2g f c 

2g = 22, 2f = –4, c = –100        = 121 4 100 

  C
1
 = (–g, –f) = (–11, 2)        = 225

       = 15

S   = 0 r
2
 = =  

2 211 2 100  

2g1 = –22, 2 f   = 4, c  = 100 = 121 4 100 

 = C
2
 = ( , )g f    = (+ 11, –2) = 25

= 5

 C
1
C

2
  =    

2 2
11 11 2 2   

       = 484 16

       = 500

       = 5 100  = 10 5

        10 2.2 22

r
1
 + r

2
 = 15 + 5 = 20 < C

1
 C

2

  C
1
 C

2
 > r

1
 + r

2
.



P
C

1

C
2

 = m

   3:1

(–11,2) (11, –2)

C
1 C

2
P
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P 

P, 1 2C C  r
1
 = r

2
 = 15 : 5 = 3 : 1 

 P = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       3 11 1 11 3 2 1 2
,

3 1 3 1

    
  

  

 
33 11 6 2

, 22, 4
2 2

   
   
 

P (22, –4) = (x
1
,  y

1
) 

P S = 0 S
1

2 = S S
11

.

   S
1

= x x
1
 + y y

1
 + g (x + x

1
) + f (y + y

1
) + c

=  x (22) + y (–4) + 11 (x + 22) – 2 (y – 4)  100

= 22x – 4y + 11x + 242 – 2y + 8 – 100

= 33x – 6y + 150

S
11

= x
1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c

= 222 + (–4)2 + 22 (22) – 4 (–4) – 100

= 484 + 16 + 484 + 16 – 100

= 900

S
1

2 = S S
11

(33x – 6y + 150)2 = [x2 + y2 + 22x – 4y – 100] 900

[3 (11x – 2y +50)]2 = 900 (x2 + y2 + 22 x – 4y – 100)

9 (11x – 2y + 50)2 = 900 (x2 + y2 + 22x – 4y – 100)

121x2 + 4y2 + 2500 – 44xy – 200y + 1100x

– 100 x2 – 100y2 – 2200x + 400y + 10000 = 0

21x2 – 96y2 – 44xy – 1100x + 200y + 12500 = 0



Basic Learning Material - Maths II(B)84

3x + 4y – 50 = 0, 7x – 24y –250 = 0

P (22, –4), = (x
1
, y

1
) S = 0

m 

y – y
1
 = m (x – x

1
)

y + 4 = m (x – 22) .... (I)

mx – y – 22m – 4 = 0 ... (1)

(1), S = 0 

 = C
1
 = (–11, 2) (1) 

15 = 
 

2 2

11 2 22 4

1

m m

m

   



15 2 1m   =  | –33m – 6 |

15 2 1m  = 3 | –111m – 2 |

25 1 (11 2)m m    

25 (m2 + 1) = (11m + 2)2

25 m2 + 25 = 121 m2 + 4 + 44 m

96 m2 + 44 m – 21 = 0

96m2 + 44m – 21 = 0

m = 
    244 44 4 96 2

2 96

   



= 
44 10000

2 96

 



= 
44 100

2 96

 


 = 

144

2 96




 or 

56

2 96
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= 
3 7

4 24
or



(I) ‘m’ 

y + 4 = 
3

4


 (x – 22) y + 4 = 

7

24
 (x – 22)

3x + 4y – 50 = 0 7x – 24y – 250 = 0

65. x2 + y2 – 4x – 10y + 28 = 0, x2 + y2 + 4x – 6y + 4 = 0 

S = x2 + y2 – 4x – 10y + 28 = 0

S   = x2 + y2 + 4x – 6y + 4 = 0 

S = 0   2g = – 4, 2f = –10, c = 28 g = –2, f = –5, c = 28

 C
1
 =  = (–g

1
 – f ) = (2, 5).

2 2

1 4 25 28 1r g f c      

S   = 0 2g = 4, 2f = – 6, c = 4 g =2, f = –3, c = 4

 = C
2
 = (–2, 3), 

2 2

2 4 9 4 3r g f c      

  1 2C C  =    
2 2

2 2 3 5   

         = 16 4  = 20  = 2 5  2 2.2

        4.4

r
1
 + r

2
=  1+3 = 4 > C

1
 C

2



Q 

Q, 1 2C C  r
1
 : r

2
 = 1 : 3 

 Q = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       1 2 3 2 1 3 3 5
,

1 3 1 3

   
  

  

C
1

C
2

Q
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2 6 3 15
,

4 4

   
  
 

 1 1
9

1, ,
2

x y
 

  
 

Q Q ‘m’ 

y – y
1
 = m (x – x

1
)

y – 
9

2
 = m (x – 1) .... (I)

2y – 9 = 2mx – 2m

2mx – 2y + 9 – 2m = 0 .... (1)

S = 0 (1) 

  =  C
1
 = (2, 5)  (1) 

1 = 

   

   
2 2

2 2 2 5 9 2

2 2

m m

m

  

 

 24 4 2 1m m  

4m2 + 4 = (2m – 1)2

 4m2 + 4 = 4m2 + 1 – 4m

 4m = – 3

3

4
m  

‘m’  (I) 

 
9 3

1
2 4

y x


  

2 9 3 3

2 4

y x  
 

 4y – 18 = – 3x + 3
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 3x + 4y – 21 = 0 

m2 y-

 Q 
9

1,
2

 
 
 

 

y-  x = k

9
1,

2

 
 
 

 k = 1.

 x = 1  x – 1 = 0

  x – 1 = 0 3x + 4y – 21 = 0.

66. S = x2 + y2 + 2gx + 2fy + c = 0 lx + my + n = 0 

gl + mf = n 

lx + my + n = 0  S = x2 + y2 + 2gx + 2fy + c = 0 

  (–g, –f ),  lx + my + n = 0 

 l(–g) + m(–f ) + n = 0

 lg + mf = n.
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2

 S = 0,S = 0 P, Q P, Q 

 C
1
, C

2
  d = C

1
C

2 
,  r

1
, r

2
 

  

2 2 2
1 2

1 2

Cos
2

d r r

r r

 
  .

 'P' 

T
1
, T

2
 

 1 2T PT  = 

1 2 1 2 2 2C PC C PT T PC    C
1
P = r

1
, P PT

2
 

=  900 + 900    0
1 2C PT 90 

=  1800 

C
1
PC

2
 C

2
P = r

2
, P PT

1
 

(C
1
C

2
)2 = (C

1
P)2 + (C

2
P)2  2(C

1
P) (C

2
P) cos 1 2C PC   0

2 1C PT 90 

 Y

O
X

P
r

2

C
2T

2
C

1 T
1

Q

r
1
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2 2 2 0
1 2 1 22 cos(180 )    d r r r r 0

1 2 2 2T PT T PC 90    

    = 
2 2

1 2 1 22 [ cos ]   r r r r 0
2 2T PC 90    

2 2 2
1 2 1 22 cos    d r r r r 0

2 2T PC 90   

2 2 2
1 2

1 2

cos
2

 
  

d r r

r r .

Cos  P  (P ). Q 

 

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0 

'' 

Cos   =  
2 2 2 2

2 2

2 ( ) ( )

c c gg ff

g f c g f c

    

      
 

x2 + y2 + 2gx + 2fy + c = 0 ...(1)

x2 + y2 + 2 g x + 2 f y + c  = 0 ...(2)

C
1
, C

2
 r

1
, r

2
 

C
1
 = (g, f ) C

2
 = ( g  ,  f )

2 2
1r g f c   2 2

2 ( ) ( )r g f c    

d = C
1
C

2
 

2 2( ) ( )g g f f     ( )

      2 2 2 2( ) ( ) 2 2g g f f gg ff        

2 2 2 2 2 2 2
1 2 ( ) ( ) 2 2d r r g g f f gg ff           

2 2 2 2( ) [( ) ( ) ]g f c g f c       

2 2gg ff c c      

2 2c c gg ff     

(1), (2)  ''  

2 2 2
1 2

1 2

cos
2

d r r

r r

 
 

  2 2 2 2

2 2

2 ( ) ( )

c c gg ff

g f c g f c
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90º 

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0

2gg' + 2ff' = c + c'

  2 2 2
1 2d r r   d = r

1 
, r

2
 

(i) S = 0, S = 0 S  S  = 0

( S S = 0) 

(ii) S = 0, S = 0 SS  = 0 ( S S = 0) 

 S = x2 + y2 + 2gx + 2fy + c = 0, L = lx + my + n = 0 

  S + L = 0 S = 0, L = 0   R 

S = 0 L = 0 A, B A, B 

(S + L) = 0 (A, B )

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0 

,    SS    S + kS  = 0,  kR 

S = 0, S  = 0 

 S = 0, S  = 0 A, B AB


  S  S = 0. 

A, B S +  (S  S ) = 0,  R  S +  L = 0   

L = 0 L = (S  S ) = 0 

A, B S + KS = 0, KR

   SS   R

  S (S  S )  R

 

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0  

S = 0, S  = 0 S S = 0   

2 (g – g')x + 2 (f – f ')y + (c – c') = 0
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1) S S = 0 

( x2, y2 

2)

 

 

i)

ii)

 

 

S S = 0  ,  S S = 0   & S S = 0   P 

'P' 

 

 

 S = x2 + y2 + 2gx + 2fy + c = 0  S  = x2 + y2 + 2 g x + 2 f y + c  = 0 ,

S = x2 + y2 + 2 g x + 2 f y + c  =  0  S =0,

S = 0 S = 0 

 S  = 0,   S = 0, S  = 0 

(i)

(ii)

1. x2 + y2 + 4x  14y + 28 = 0,  x2 + y2 + 4x  5 = 0 

S = x2 + y2 + 4x  14y + 28 = 0    & S' = x2 + y2 + 4x  5 = 0

2g = 4,  2f = 14,  c = 28 2 g = 4, 2 f   = 0,  c = 5

  g = 2,  2f = 7,  c = 28   g = 2, f   = 0,  c = 5
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 = C
1
 = (g, f ) = (2, 7) C

2
 = ( g  ,  f ) = (2, 0)

= 2 2g f c  r
2
 = 2 2( ) ( )g f c   

       1 4 49 28r        = 3

          25 5 

d = C
1
C

2
 

2 2( 2 2) (7 0) 7     

    

     

2 2 2
1 2

1 2

49 25 9
cos

2 2 5 3

d r r

r r

   
  

 

015 1
cos 60

2 5 3 2
  

 

   = 600.

   600.

S = x2 + y2 + 4x  14y + 28 = 0        & S' = x2 + y2 + 4x  0.y  5 = 0

2g = 4    g = 2 2 g   = 4   g   = 2

2f =  14    f =   7 2 f   = 0   f   = 0

c =  28    c =  28 c  =  5   c  =   5

    

     2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
 

       

28 5 8 0

2 4 49 28 4 0 5

  


     

15 1

2 5 3 2
 

 

=  cos 600.

   600.

2. x2 + y2  12x  6y + 41 = 0, x2 + y2 + kx + 6y  59 = 0  450   k 

S = x2 + y2 + kx  6y  59 = 0    S = x2 + y2  12x  6y  41 = 0

2g = k, 2f = 6,  c = 59 2 g   = 12, 2 f   = 6, c = 41

  g = ,
2

k
  f = 3, c = 59          g   = 6, f   = 3, c = 41.
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 450       = 450.

2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
  

       

0

2

59 41 6 18
cos 45

2 9 59 36 9 41
4

k

k

   
 

    

3

2

1 6

2
2 68 4

4

k

k


 

  

2

1 (3 )

2
68 4

4

k

k




 

  
 

2
22(9 ) 68 4

4

k
k

 
   

 

         18k2 = k2 + 272

        17k2 =  272   
2 72

16
17

k


   4k  

3. x2 + y2  2x  2y  7 = 0, 3x2 + 3y2  8x  29y = 0 

S = x2 + y2  2x  2y  7 = 0      2 2 8 29
S 0 0

3 3
x y x y     

x2  y2 

3x2 + 3y2  8x + 29y = 0   

2 23 3 8 29
0

3 3 3 3

x y x y
   

2 2 8 29
0

3 3

x y
x y    

2g = 2,      g = 1
8

2
3

g


   
4

3
g




2f = 2      f = 1 2
29

3
f    

29

6
f 

c = 7      c = 7 c  = 0   c  = 0.
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4 29

2 2 2( 1) 2( 1)
3 6

gg ff
   

            

 
8 29 8 29 21

7
3 3 3 3

 
     

c + c  = 7 + 0 = 7

S = 0, S  = 0  2 2gg ff c c      

4. x2 + y2 + 2by  k = 0, x2 + y2 + 2ax + 8 = 0 k

S  = x2 + y2 + 2by  k = 0

S = x2 + y2 + 2ax + 8 = 0

2g = 0 2 g  = 2a

2f = 2b 2 f  = 0

 c = k   c  = 8.

  g = 0,  f = b,   c = k,  g  = a,  f  = 0,    c  = 8.

S = 0, S = 0 

   2 2gg ff c c    

   2(0) (a) + 2(b) (0) = k + 8

   0 = k + 8

   k = 8.

5. x2 + y2 = a2, x2 + y2 = ax + ay 
3

4


 

S = x2 + y2  a2 = 0

& S = x2 + y2  ax  ay = 0.

2g = 0,      g = 0 2 g  = a   
2

a
g




2f = 0      f = 0 2 f a    
2

a
f




c = a2      c = a2 c  = 0   c  = 0.

S = 0, S  = 0  ''

    2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
 

       

2

2 2
2

0 0 0

2 0 0 0
4 4

a

a a
a
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2

2
22

2

a

a
a






2 2

4 4

a a
  

22

4

a


2

2

a


2

2 . .
2

a

a
a




2 2

2 2 2

 
 



1

2
 

=  cos(180  450)

=  cos 1350.

= cos 
3

4


.

  S = 0, S = 0   
3

4


.  

6. x2 + y2  8x – 2y + 16 = 0, x2 + y2  4x  4y  1 = 0 (1, 1) 

 x2 + y2 + 2gx + 2fy + c = 0 ...(1)

(1, 1)       12 + 12 + 2g(1) + 2f(1) + c = 0

   2g + 2f + c + 2 = 0 ...(2)

(1), S =  x2 + y2  8x  2y  16 = 0 

   2g g   + 2f f   = c + c 2 g  = 8    g   = 4

   2g( 4) + 2f( 1) = c + 16 2 f  = 2    f   = 1

    8g   2f   c  16 = 0    ...(3) c  = 16    c  = 16

(1)  x2 + y2  4x  4y  1 = 0 

   2g g   + 2f f   = c + c 2 g  = 4    g   = 2

   2g(2) + 2f( 2) = c  1 2 f  = 4    f   = 2

    4g   4f   c  1 = 0   ...(4) c  =  1.

(2), (3), (4) 

(2)         2g  + 2f + c + 2 = 0 (3)   8g   2f   c  16 = 0

(3)    8g   2f   c  16 = 0 (4)  4g   4f   c  1 = 0

       +       +      +    

  6g  14 = 0      4g   2f   17 = 0
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      g = 
14 7

6 3

 


7
4 2 17 0

3
f

 
       

28
2 17 0

3
f   

23
2

3
f 

23

6
f 

(2) 'g', 'f ' 

7 23
2 2 2 0

3 6
c

   
         

14 23
2 0

3 3
c


    

14 23 14 23 6 15
2 5.

3 3 3 3
c

  
       

g,   f,  c  (1)  

2 2 7 23
2 2 5 0

3 6
x y x y

   
          

  3x2 + 3y2  14x + 23y  15 = 0

7.

x2 + y2 + 2x + 17y + 4 = 0, x2 + y2 x + 6y + 11 = 0  &  x2 + y2  x + 22y + 3 = 0.

S  = x2 + y2 + 2x + 17y + 4 = 0 ...(1)

S =  x2 + y2  7x + 6y + 11 = 0 ...(2)

S  =  x2 + y2  x + 22y + 3 = 0 ...(3)

(1), (2), (3) 

S = x2 + y2  2gx + 2fy  + c = 0 ...(4)  

(1), (4) 

2 2gg ff c c       2 g   = 2  g  = 1

  2g(1) + 2f 
17

2

 
    = c + 4 2 f   = 17   f   = 

17

2

  2g + 17 f  =  c + 4   ...(5)  c  = 4

(2), (4) 

  2g g   + 2f f   = c + c 2 g   = 7    g  = 
7

2

28
7

2

 
    + 2f 

6

2

 
    = c + 111 2 f   = 6     f  = 

6

2

  7g + 6f   =  c + 111 ...(6)  c  = 11.
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(3), (4) 

  2g g   + 2f f   = c + c 2 g  = 1    g   = 
1

2


  2g 
1

2

 
    + 2f (11) = c + 3 2 f   = 22   f   = 111

   g + 22f = c + 3 ...(7) 3c 

(5), (6), (7) 

(5)   2g + 17f  =  c  + 4 (6)    7g +   6f   =  c  + 111

(6)   7g +   6f  =  c  + 111 (7)    g + 22f   =  c  + 3

        

      5g   + 11f  = 7 ...(8)  8g  16f   =  8 ...(9)

(8), (9) 

8(5g + 11f  = 7)

5(  8g  16f  =  8)

 40g + 88f = 56 (8)   f  = –2  

   40g  80f = 40 5g + 11(2) = 7

8f = 16   5g = 7 + 22 = 15

 f  = 
16

8


  g = 

15
3.

5
 



2f       3g  

'g', 'f '  (7) 

g + 22f = c + 3

   3 22( 2) 3c    

    44c  

 'g'  'f ', 'c' (4) 

x2 + y2 + 2(3)x + 2(2)y  44 = 0

  x2 + y2  6x  4y  44 = 0

8. x2 + y2  4x + 2y + 4 = 0  .x + y = 4

S = x2 + y2 + 2gx + 2fy + c = 0 ...(1) 

    c = 0 ...(2)

 (g, f ),  x + y = 4 

  (g) + (f ) = 4     g  f  = 4 ...(3)
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S  = x2 + y2  4x + 2y + 4 = 0  (1) ...(4)

  2g g   + 2f f   = c + c 2 g   = 4  g   = 2

  2g(2) + 2f(1) = c + 4 2 f   = 2  f   = 1

  4g + 2f = 0 + 4      c = 0 c  = 4

  2(2g + f ) = 4

  2g + f  = 2 ...(5)

(3), (5)  

g  f  = 4

2g + f = 2 g = –2 (3) 

3g      = 6 (2)  f = 4
6

3
g 


4 2 2f    

2g  2f 

g,   f , c  (1) 

x2 + y2 + 2(2)x + 2(2)y = 0

 x2 + y2  4x  4y = 0 Ans.

9. (2, 0), (0, 2) 2x2 + 2y2 + 5x  6y + 4 = 0 

S = x2 + y2 + 2gx + 2fy + c = 0 ...(1) 

(2, 0) 

   22 + 02 +2g(2) + 2f(0) + c = 0

  4g + c + 4 = 0 ...(2)

(1), (0, 2)     02 + 22 + 2g(0) + 2f(2) + c = 0

  4f + c + 4 = 0 ...(3)

(1), 2x2 + 2y2 + 5x  6y + 4 = 0 

2 2 5 6 4
0

2 2 2
x y x y    

  2g g   + 2f f   = c + c
5 5

2
2 4

g g   

5 3
2 2 2

4 2
g f c

   
         

6 3
2

2 2
f f

 
   

4
2.

2
c  

5
3 2

2

g
f c    ...(4)
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(2), (3), (4)  

(2)      4g + c + 4 = 0 (2)    4g + c + 4 = 0

(3)      4f + c + 4 = 0 (4)   
5

3 2 0
2

g
f c   

         

4g  4f = 0          4g + 
5

3 2 0
2

g
f  

  4g = 4f   g = f

  g = f
5

4 3 2 0
2

g
g g    

8 5 6 4
0

2

g g g  
 

  7g + 4 = 0

  
4

.
7

g f


 

(2)   c = 4g  4

4 16 16 28 12
4 4 4

7 7 7 7

   
        

(1) 

2 2 8 8 12
0

7 7 7
x y x y

    
          

   7x2 + 7y2  8x  8y  12 = 0.

10. x2 + y2  4x  6y + 11 = 0, x2 + y2  10x  4y + 21 = 0  

2x + 3y = 7 

 S =  x2 + y2  2gx + 2fy + c = 0  ...(1) 

 S' =  x2 + y2  4x  6y + 11 = 0 

  2g g   + 2f f   = c + c 2 g   = 4  g   = 2

  2g(2) + 2f(3) = c + 111 2 f   = 6  f   = 3

  4g – 6f = c + 111 ...(2)           c' = 

(1), S  =  x2 + y2  10x  4y + 21 = 0 

  2g g   + 2f f   = c + c 2 g   = 10

2g(5) + 2f (2)  = c + 21 2 f   = 4

  10g  4f   =  c + 21 ...(3)                c" = 

 (1)  (g,  f ),  2x + 3y = 7 

   2(g) + 3(f )  = 7

   2g  3f  = 7 ...(4)
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(2), (3), (4) 

(2)     4g  6f   = c  + 111

(3)     10g  4f  = c  + 21

+      +           

   6g  2f  = 10 ...(5)

(4) & (5) 

3(2g  3f = 7)

      6g  2f = 10

6g  9f  = 21

  6g  2f   = 10

   11f  = 11

          f   = 1

(4) 2g  3(1) = 7

   2g  3 = 4

   g  = 
4

2
 =  2.

g = 2,  f = 1 (2) 

4(2)  6(1) = c + 11

    8 + 6  11  = c   c = 3

(1) 

x2 + y2 + 2(2)x + 2(1)y + 3 = 0

 x2 + y2  4x  2y + 3 = 0.

11. (2, 3)  x2 + y2  4x  2y  7 = 0 

 S =  x2 + y2  2gx  2fy  c = 0  ...(1) 

 (2, 3)     (g, f ) = (2, 3)

     g = 2,  f = 3

   2 , 3g f   

(1), S  =  x2 + y2  4x + 2y  7 = 0  

  2g g   + 2f f   = c + c 2 g   = 4

  2(2)(2) + 2(3)(1) = c  7 2 f   = 2,  c  = 7

  8   6 = c  7      = 9c

(1) 

  x2 + y2 + 2( 2)x + 2(3)y  9 = 0

   x2 + y2  4x – 6y  9 = 0.
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12. x2 + y2  6x + 4y  3 = 0  (3, 0) y-

S = x2 + y2 + 2gx + 2fy + c = 0 ...(1) 

(3, 0)    32 + 02 + 2g(3) + 2f(0) + c = 0

  9 + 6g + c = 0 ...(2)

(1), y-   f 2 = c ...(3)

  2g g   + 2f f   = c + c 2 g   = 6

  2g(3) + 2f(2) = c  3 2 f   = 4

   6g  + 4f  =  c  3 ...(4)   c  = 3

(2), (3), (4) 

(2)  9 + 6g + c = 0

(4)    6g + 4f  c + 3 = 0

9 + 4f + 3 = 0

  f  =  
12

3
4


  3f  

(3) 

c = f 2 = 9.

(2) 

9 + 6g + 9 = 0

18
3.

6
g


   

g, f, c (1) 

x2 + y2 + 2(3)x + 2(3)y + 9 = 0

 x2 + y2  6x  6y + 9 = 0.

13. x2 + y2  8x  6y + 21 = 0, x2 + y2  2x  15 = 0 (1, 2) 

S = x2 + y2  8x  6y + 21 = 0

S =  x2 + y2  2x  15 = 0

S  S  = x2 + y2  8x  6y + 21  x2 – y2  2x  15

    = 6x  6y + 36

S = 0, S  = 0 

S + (S  S )  = 0,   R 

 S + (S  S )  = 0.

    x2 + y2  8x  6y + 21 (x  6y  36 0 ...(1)
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 (1, 2) 

 12 + 22  8(1)  6(2) + 21 + (6(1)  6(2) + 36) = 0

 1 + 4  8  12 + 21 + (6  12 + 36) = 0

 6 +  (18) = 0

  
6 1

18 3

 
  

1

3
    (1) 

x2 + y2  8x  6y + 21 
1

3


(x  6y  36 0

    x2 + y2  8x  6y + 21 x  2y  12 0

    x2 + y2  6x  4y + 9 0 Ans.

14. x2 + y2 = 2ax, x2 + y2 = 2by 2
x y

a b
   

S = x2 + y2  2ax = 0  S  = x2 + y2  2by = 0

S S = 
2x

  + 

2y

   2ax  

2x

   

2y

 + 2by

= 2(by  ax)

S = 0, S  = 0 

S + (S S ) = 0   R

 x2 + y2  2ax  2(by  ax 0 ...(I)

 x2 + y2  2ax  2by  2ax 0

 x2 + y2  2ax() + 2by 0 ...(1)

x2 + y2  2gx + 2fyc = 0 

2g = 2a(1 +),  2f  = 2b,  c = 0

 g =  a(1 +  ),   f  = b

  (1)  (g, f ) = (a (1 + ), b) = P

(1) 

2
x y

a b
   'P' 

'P'   2
x y

a b
    

(1 ) ( )
2

a b

a b

   
  

   1 +  +  = 2    2  = 2  1       = 
1

2
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(I) 

x2 + y2  2ax + 2
1

2
(by   ax) = 0

    x2 + y2  2ax  ax + by  0

    x2 + y2  3ax  by  0.

15. x2 + y2  2x  4y  8  0  AB x + y = 3 AB 

 S = x2 + y2  2x  4y  8  0,  L = x + y  3  0 

A, B 

A, B S + L = 0

    x2 + y2  2x  4y  + (x + y  3) = 0 ...(I)

    x2 + y2  (  2)x  + ) y  8  3 = 0 ...(1)

AB  (1) 

C = 
( 2) (4 + )

,
2 2

     
   , L = 0 

C = 
( 2) (4 + )

,
2 2

     
    L = 0 

( 2) (4 + )
3 0

2 2

    
  

2 4 6
0

2

     
 

    2  8 = 0

    2 = 8
8

2
  


4   

= 4  (1) 

x2 + y2  2x  4y  8 –4(x  y  3 0

    x2 + y2  6x  4  0.

16. P, Q S = x2 + y2 + 2gx + 2fy + c = 0  PQ

S = 0 

P(x
1
, y

1
),  Q = (x

2
, y

2
) 

S = x2 + y2 + 2gx + 2fy + c = 0 ...(1)

S
12

 = 0 ( )

    x
1
x

2
 + y

1
y

2
  g(x

1
 + x

2
)  f (y

1
 + y

2
) c  0 ...(2)

AB  
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(x  x
1
) (x  x

2
) + (y  y

1
) (y  y

2
) = 0

 x2 + y2  (x
1
 + x

2
)x  (y

1
 + y

2
)y + x

1
x

2
 + y

1
y

2
 = 0 ...(3)

(1), (3) 

(3) S  = x2 + y2  2 g  x  2 f  y  c  = 0 

2 g   =  (x
1
 + x

2
),    2 f   =  (y

1
 + y

2
), c= x

1
x

2
 + y

1
y

2

   g   =  
1 2( )

,
2

x x 
   f   = 

1 2( )
,

2

y y 
  c= x

1
x

2
 + y

1
y

2

 2g g   + 2 f f   = 
1 2( )

2 .
2

x x
g

  
 
 

 +  
1 2( )

2 .
2

y y
f

  
 
 

         =  g(x
1
 + x

2
)  f(y

1
 + y

2
)

         =  x
1
x

2
 +  y

1
y

2
 + c, ((2) 

        =  c  + c.

2g g   + 2f f   = c + c  

(1), (3) 

17. x cos  + y sin  = p x2 + y2 = a2 A, B 

AB   (x2 + y2  a2)  2p(x cos  + y sin   p) = 0 

 S = x2 + y2  a2 = 0, L = x cos  + y sin   p = 0  A, B 

A, B S + L = 0,   R

   x2 + y2  a2 (x cos  + y sin   p) = 0 ...(I)

   x2 + y2  (  cos )x sin ) y  a2 p) = 0 ...(1)

(1), AB  

 
cos sin

C ,
2 2

    
   

, L = 0 

L = 0 C 

cos sin
cos sin p 0

2 2

      
          

2 2cos sin 2p
0

2

     
 

    (cos2  + sin2 )   2p = 0

     2p = 0

    =  2p.

  (I) 

x2 + y2   a2   2p(x cos   + y sin    p) = 0
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18. 2x2 + 2y2 + 3x + 6y   5 = 0, 3x2 + 3y2   7x + 8y   11 = 0 

S = 

2 22 2 3 6 5
0

2 2 2 2 2

x y x y
    

  S = x2 + y2 + 
3

2
x  + 3y 

5

2
 = 0

2 2 7 8 11
S 0

3 3 3
x y x y     

S = 0, S   0  S  S   0

   
2x

  + 

2y

  + 

3

2
x  + 3y 

5

2
 –  

2x

   

2y

  + 

7

3
x   

8 11
0

3 3
y  

3 5 7 8 11
3 0

2 2 3 3 3
x y x y      

9 18 15 14 16 22
0

6

x y x y    
 

   23x + 2y + 7 = 0.

19. x2 + y2  2x + 6y = 0,   x2 + y2  4x  2y + 6 = 0  &  x2 + y2  12x + 2y + 3 = 0 

S  =  x2 + y2  2x  6y  = 0,

S  =  x2 + y2  4x  2y + 6 = 0

S  =  x2 + y2  12x + 2y + 3 = 0 

S = 0, S  = 0  S  S  = 0

   
2x

  + 

2y

  2x + 6y 

2x

   

2y

  4x  2y  6 = 0

   2x + 8y  6 = 0

     x + 4y  3 = 0 ...(1)

S  = 0, S  = 0  S  S  = 0

   
2x

  + 

2y

  4x  2y 

2x

   

2y

  12x  2y  3 = 0

   8x  4y + 3 = 0 ...(2)

(1), (2) 

x + 4y  3 = 0

 8x – 4y + 3 = 0

       9x = 0 x = 0  (1) 

     x = 0 y = 
3

4
.
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3

0,
4

 
   .

(S S ) = 0, (S  S ) = 0,  (S  S ) = 0 

20. S = x2 + y2 + 3x + 5y  4 = 0, S  = x2 + y2 + 5x + 3y  4 = 0 

S = x2 + y2 + 3x + 5y  4 = 0

S  = x2 + y2 + 5x + 3y  4 = 0 

S = 0 S  = 0 

 C
1
 = 

3 5
,

2 2

  
   C

2
 = 

5 3
,

2 2

  
  

1

9 25
4

4 4
r    2

25 9
4

4 4
r   

  
9 25 16 18

4 4

 
      

3

2


    
9 3

2 2
   C

1
C

2
 =  

2 2
5 3 3 5

2 2 2 2

    
        

1 2

6

2
r r                    

2 2
2 2

2.
2 2

   
        

6 2
3 2

2 2
   3 2  >  2   or  2   <   3 2

   C
1
C

2
 < r

1 
+

 
r

2

r
1 
 r

2 
 = 0

|r
1 
 r

2 
| <  C

1
C

2 
<  |r

1 
 r

2 
|

    S  S  = 0.

   
2x

  + 

2y

  3x  5y  4 

2x

   

2y

  5x  3y  4  = 0

2x + 2y = 0  x  y  = 0 

   L = x  y  = 0 ...(1)

 2 22 r d

 S = 0 'r'

&  d = C
1
 (1) 

C
2

C
1

d

r
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2 2

3 5

2 2

1 ( 1)
d





 

  
1 1

2 2

| |ax by c

a b

 



  (x
1
, y

1
)   =  1

3 5
,

2 2

  
   

C

1

2
 ax + by + c  is x  y.   a = 1, b = 1, c = 0

  = 

2 2
3 1 9 1

2 2
2 22 2

   
        

      =  2   2 = 4  

21. S = x2 + y2  2x  4y  20 = 0, S = x2 + y2 + 6x + 2y  90 = 0 

  S = x2 + y2  2x  4y  20 = 0  S = x2 + y2 + 6x + 2y  90 = 0

S = 0 S = 0 

 = C
1
 = (1, 2) = C

2
 = (3, 1)

 = r
1
 = 1 4 20   = r

2
 = 9 1 90 

                 25 5         100 10 

 C
1
C

2
  =  2 2( 3 1) ( 1 2)    

     =  16 9 25 5  

C
1
C

2
 = |r

1
  r

2
| 5 = |5  10|.

SS  = 0 

   x2 + y2  2x  4y  20  x2 – y2  6x  2y + 90 = 0

    8x  6y  70 = 0

     2 (4x  3y  35) = 0

    4x  3y  35 = 0.

 P,  P, C
1
C

2
  r

1
 : r

2
 = 5 : 10 = 1 : 2 

2 1 2 1P ,
mx nx my ny

m n m n

  
     

      = 
3 2 1 4

,
1 2 1 2

    
   

      =  
5 5

,
1 1

  
   

 = (5, 5).
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4x + 3y  35 = 0  C
1
  C

2
 

P(h, k), C
1
 = (x

1
, y

1
)  = (1, 2), 4x + 3y  35 = 0  ax + by + c = 0  

1 1 1 1
2 2

( )h x k y ax by c

a b a b

    
 


a = 4   b = 3  c = 35

2 2

1 2 (4 6 35)

4 3 4 3

h k    
  



   
25

1
25

 

 

1 2
1, 1

4 3

1 4, 2 3

h k

h k

  
   




     

h = 5,   k = 5.

   (h, k)  =  (5, 5).

22. x2 + y2 + 2gx + 2fy = 0, x2 +  y2 + 2 g  x + 2 f  y = 0 

f  g = f g   

S = x2 + y2 + 2gx + 2fy = 0

S = x2 +  y2 + 2 g  x + 2 f  y = 0 

S = 0 S = 0 

= C
1
 = (g, f )  = C

2
 = ( g  ,  f  )

 = 2 2
1r g f  = 2 2

2 ( ) ( )r g f  

S = 0, S = 0 

C
1
C

2
 = 1 2| |r r C

1
C

2
 = 2 2( ) ( )g g f f     

        2 2( ) (g g f f    

(C
1
C

2
)2= (r

1
   r

2
)2

=  2 2
1 2 1 22r r r r 

2 2 2 2 2 2( ) ( ) ( ) ( )g g f f g f g f             2 2 2 22 ( ) ( )g f g f   

  2 2 2 2 2 2 2 2( ) 2 ( ) 2 ( ) ( )
       

                  g g gg f f ff g f g f

2 2 2 22 ( ) ( )g f g f   
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2 2 2 22 2 2 ( ) ( )gg ff g f g f         

2 2 2 22( ) 2 ( ) ( )gg ff g f g f         

2 2 2 2 2( ) ( ) ( )      gg ff g f g f

2 2 2 2 2 2 2 2 2 2 2 22g g f f gg ff g g g f g f f f             

2 2 2 2 2 0      g f g f gg ff

2 2( ) ( ) 2( ) ( ) 0gf g f gf g f      

2( ) 0gf g f   

.gf g f  

23. 2 2

1 1 1

ca b
   x2 + y2 + 2ax + c = 0, x2 + y2 + 2by + c = 0  

S   = x2 + y2 + 2ax + 0.y + c = 0

S  = x2 + y2 + 0.x + 2by + c = 0  

S = 0 S = 0 

 = C
1
 = (a, 0)  = C

2
 = (0, b)

 = 
2 2

1 0r a c    = 
2 2

2 0r b c  

       2a c             2b c 

S = 0, S   = 0 

C
1
C

2
 = r

1
   r

2

  (c
1
c

2
)2 = (r

1
   r

2
)2

2 2 2
1 2 1 2 1 2( ) 2c c r r r r   

2
2 2 2 2 2 2(0 ) ( 0) ( ) ( ) 2a b a c b c a c b c            

  

2 2 2 2 2 22 ( )( )a b a c b c a c b c
             

2 22 2 ( )( )c a c b c     

c2 = (a2  c) (b2  c)

2c


  = a2b2  a2c b2c + c2
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   0 =   a2b2  a2c b2c

   c(a2 + b2) = a2b2

   

2 2

2 2

( )
1

a b
c

a b




   

2 2

2 2

1a b

ca b




   

2 2

2 2 2 2

1a b

ca b a b
 

   2 2

1 1 1

cb a
 

  2 2

1 1 1

ca b
  . 

24. x2 + y2 + 2x + 4 y + 1 = 0, 2x2 + 2y2 + 6x + 8y 3 = 0, x2 + y2  2x + 6y  3 = 0 

S = x2 + y2 + 2x + 4y + 1 = 0 ...(1)

         
2 2 6 8 3

S = 0
2 2 2

x y x y    

      
2 2 3

S = 3 4 0
2

x y x y      ...(2)

    2 2S = 2 6 3 0x y x y      ...(3)

(1), (2)  S S   = 0

2 2 2 2 3
2 4 1 3 4 0

2

                x y x y x y x y

3
1 0

2
x    

5
0

2
x    ...(4)

(1), (3)  S S   = 0

2 2 2 22 4 1 2 6 3 0
   

            x y x y x y x y

   4x  2y + 4 = 0

   2(2x  y + 2) = 0

  2x  y + 2 = 0 ...(5)

(4), (5) 



111

(4) 
5 5

0
2 2

x x     

(5) 

5
2 2 0

2
y

 
    

  5  y + 2 = 0

  y  = 7

  = 1 1

5
, 7 ( , )

2
x y

 
  

 S = 0 
5

, 7
2

 
    

2 2
11 1 1 1 1S 2 4 1x y x y    

         

2
25 5

7 2 4(7) 1
2 2

   
          

         
25

49 5 28 1
4

    

         
25

83
4

 

         
25 332

4




         
357

4


   (1),  (2), (3) 

2 2 2
1 1 11( ) ( ) ( S )x x y y   

2
25 357

( 7)
2 4

x y
 

      

2 2 25 357
49 5 14

4 4
x y x y      

2 2 25 357
5 14 49 0

4 4
x y x y       

2 2 25 357
5 14 49 0

4
x y x y
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2 2 332
5 14 49 0

4
x y x y      

2 2 5 14 49 83 0x y x y      

2 2 5 14 34 0x y x y      . 

S = x2 + y2 + 2gx + 2fy + c = 0 

S  =  x2 + y2 + 2x + 4y + 1 = 0 2 g   = 2,  2 f   = 4,  c  = 1

S  =  x2 + y2 + 3x + 4y  
3

2
 = 0 2 g  = 3,  2 f   = 4,  c  = 

3

2



S =  x2 + y2  2x + 6y  3 = 0 2 g  = 2,  2 f   = 6,  c  = 3

S = 0, S  = 0 

  2g g   + 2f f   = c + c

  2g(1) + 2f(2) = c + 1   2g + 4f = c + 1 ...(1)

S = 0, S  = 0 

  2g g   + 2f f   = c + c

3 3 3
2 2 (2) 3 4

2 2 2
g f c g f c
 

         
...(2)

S = 0, S  = 0 

  2g g  + 2f f   = c + c

  2g(1) + 2f(3) = c  3   2g + 6f = c  3 ...(3)

(1), (2), (3) 

(1)    2g + 4f  = c + 1 (1)    2g + 4f = c + 1

(2)    3g + 4f = c   
3

2
(3)    2g + 6f = c  3

                 + + 

g  =      1 + 
3

2
4g   2f = 4

5

2
g


 

5
4 2 4

2
f

 
    

  2f = 4 + 10

14
7.

2
f   
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g = 
5

2


, f = 7 (1) 

5
2 4( 7) 1

2
c

 
     

     5   28  1 = c      c =  34

S = 0  ‘g’, ‘f ’, ‘c’ 

x2 + y2  5x  14y  34 = 0.

25. 2 g  (g  g  ) + 2 f  (f  f  ) =  c c  x2 + y2 + 2gx + 2fy + c = 0,

x2 + y2 + 2 g x  +  2 f y + c  = 0 

S = x2 + y2 + 2gx + 2fy + c = 0 ...(1)

S = x2 + y2 + 2 g x  +  2 f y + c  = 0 ...(2)

S = 0, S  = 0  S  S  = 0

   x2 + y2 + 2gx + 2fy + c    x2   y2   2 g x     2 f y   c  = 0

   (2g  2 g  ) x + (2f   2 f  ) y + c c  = 0

   2(g  g  ) x + 2(f   f  ) y + c c  = 0 ...(3)

(2) 

(2) ( g  ,  f  ).

 (3), (2)  ( g  ,  f  ), (3) 

2(g  g  )( g  ) + 2(f   f  ) ( f  ) + c c  = 0

 2 g  (g  g  ) + 2 f  ( f   f  ) = c c

26.  x2 + y2  6x  4y + 9 = 0, x2 + y2  8x  6y + 23 = 0 

 S = x2 + y2  6x  4y + 9 = 0 2g = 6,  2f = 4,  c = 9

S  = x2 + y2  8x  6y + 23 = 0 2 g   = 8,  2 f   = 6,  c = 23

S = 0 S  = 0 

= C
1
 = (3,2)  = C

2
 = (4,3)

 = 1 9 4 9 2r      = 2 16 9 23 2r    

 C
1
C

2
 

2 2(4 3) (3 2) 2 2 2.      

|r
1
   r

2
| < C

1
C

2
 < r

1
 + r

2 2 2  
2 1.414   = 0.586

   

 S S  = 0 
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2 2 2 26 4 9 8 6 23 0x y x y x y x y          

2 2 14 0x y   

7 0x y     ... (1)   

S  = 0 

S =  0 (4,3)

(4, 3)  (1)  4 + 3 7 = 0 

 S  = 0 S = 0 & S  = 0 AB  

 S  = 0 

  

= (2) 

= 2   (2)   = 2 2   

2 22 r d 

 r = S = 0 (2) 

         d = C
1
 = (3,2) x + y  7 = 0 

1 1

2 2

| |ax by c

a b

 



  ( )

2 2

| 3 2 7 | 2

21 1

 
 



2 . 2
2

2
 

2 22 r d 

2 22 2 ( 2)  

2 4 2  

2 2   

27. S   x2 + y2 + 2x + 3y + 1 = 0, S   x2 + y2 + 4x + 3y + 2 = 0 

S = x2 + y2 + 2x + 3y + 1 = 0

S = x2 + y2 + 4x + 3y + 2 = 0
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S = 0 S  = 0 

= C
1
 =

3
1,

2

 
    = C

2
 = 

3
2,

2

 
  

 = r
1
 =

9
1 1

4
   = r

2
 = 

9
4 2

4
 

       
9 3

.
4 2


9 17

2
4 2

  

4.12
2.06.

2
 

    C
1
C

2
= 

2
2 3 3

( 2 1)
2 2

 
     

= 1.

3 17
1

2 2

 
  

 

1 2 1 2 1 2| | | |    r r C C r r

  AB  S S  = 0.


2x

  + 

2y



 + 2x + 3y + 1  
2x

    

2y

   4x  3y  2 = 0

 2x  1 = 0

 2x  1 = 0

       L = 2x + 1 = 0 

A, B S  + (S  S ) = 0  

A, B S = 0, S  = 0 

S + (S S ) = 0 or S + L = 0

    x2 + y2 + 2x + 3x + 1 + (2x  = 0

    x2 + y2 + (2 + 2)x + 3y + (1  = 0 ...(1)

(1) AB  
(2 2 ) 3

,
2 2

  
  

 

L = 0 

(2 2 )
2 1 0

2

  
     

  2  2 + 1 = 0
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  2  = 1

    = 
1

2


(1) 

2 2 1 1
2 2 3 1 0

2 2
x y x y

    
               

2 2 1
3 0

2
x y x y     

2 22 2 2 6 1 0.x y x y     



117

(Conic Sections)

(Conic)

‘e’ 

1. S 

2.

3. ‘e’ 

4.

5. e = 1 

0 < e < 1 

e > 1 

e = 0 

6.

7.

3
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S(, ),  0lx my n    

SP = PM

2 2

2 2
( ) ( )

lx my n
x y

x y
 

 
    



2
2 2

2 2

( )
( ) ( )

lx my n
x y

l m
 

 
    


. x, y 

( ) ( ) 0m x l y     .

:

‘S’  l 

l S  Z 

ZS A 

ZA = AS A 

‘A’ 

A   YAY'


.

ZXZ'


X YY'


 Y 

 A = (0,0) 

S = (a, 0), (a>0) Z = (–a, 0),  l  x + a = 0.

 P(
1 1,x y ) P l PM 

Y

l

M
P

X 
S

X
Z

Y

A
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SP
1

PM
e  .

SP PM 

2 2SP PM 

   
2 22x a y x a    

2 4y ax 

2 4y ax  P(x, y) 

   
2 22 2 2SP 2 4 PMx a y x a ax ax x a x a           

 P(x, y) P(x, y) 

2 4y ax .

2 4y ax .

, 2 4y ax , (a>0)

1. y = 0 4ax = 0 x = 0.

  

2. x = 0 y2 = 0, y = 0  Y-

3.
2 4y ax  P(x, y) a > 0  0, 4x y ax   .

   x  y 

X-

(x, y) 0x   Y-

4. x y 

X-

5. S,  l. 2 4 ,y ax (a > 0) 

S = (a, 0),  x + a = 0,  y = 0,  A(0, 0) 

6. (h, k) 
2 4y ax  

   
2

4y k a x h   (h, k) X-
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1.

2.

3. y- P 

P y-

4. y-

5.  4a, (a > 0)

(a, 2a) and (a, 2a).

: ,

:

: S(a, 0) 2 4y ax  

P(x
1
, y

1
) 

P = SP

= PM

= NZ

= NA + AZ

= x
1
 + a

:

t 2( , 2 )P at at  
2 4y ax  

2 4 ( 0)y ax a  P(x
1
, y

1
) 0, 0x a   2x at

t R  2 2 2 24 ( ) 4y a at a t   y = 2at –2at.  (at2, 2at)

 2( ) , 2 ( )a t at t  P 

  2 , 2x at y at  . 

2( , 2 )P at at  t

:

(1) 2 4S y ax  (2) 
1 1 12 ( )S yy a x x  

(3) 2

11 1 14S y ax  (4) 
12 1 2 1 22 ( )S y y a x x  

(x
1
, y

1
), (x

2
, y

2
)

2 4y ax
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2 4y ax   2 4 0S y ax  

(i)
1 1P( , )x y  

2

114 0 0S y ax S     

(ii)
1 1P( , )x y

S = 0 
11 0S 

(iii)
1 1P( , )x y  

S = 0   
11 0S 

(i)

X- X 

: 2 4 , ( 0)y ax a  2( ) 4 ( ), ( 0)y k a x h a   

 (A) : (0, 0) ( , )h k

 (S) : (a, 0) ( , )a h k

: x a  x h a  

: y = 0 0y k 

: 4a 4a

:( , 2 )a a ( , 2 )a h a k  
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(ii)

X- X 

: 2 4 , ( 0)y ax a   2( ) 4 ( ), ( 0)y k a x h a    

 (A) : (0, 0) ( , )h k

 (S) : (a, 0) ( , )a h k 

:x a x h a 

: y = 0 0y k 

: 4a 4a

:( , 2 )a a  ( , 2 )a h a k   

(iii)  y- y-

Y- Y 

: 2 4x ay 2( ) 4 ( )x h a y k  

 (A) : (0, 0) ( , )h k

 (S) : (0, )a ( , )h a k

: y a  y k a  

: x = 0 0x h 

X
S(a, 0)

A

Y

Y

x 


 a
 =

 0

X

XX

S A

Y

Y

x 


 h
 

 a
 =

 0

y  k = 0

XX

S(0,a)

A

Y

Y

y +a = 0

XX

S

A

Y

Y

yk+a = 0

x  h = 0
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: 4a 4a

:( 2 , )a a ( 2 , )h a a k 

(iv)  y- y-

: 2 4 x ay , a > 0 2( ) 4 ( )   x h a y k , a > 0

 (A) : (0, 0) (h, k)

 (S) : (0, a) ( , )h a k 

: y = a y k a 

: x = 0 0x h 

: 4a 4a

:( 2 , )a a  ( 2 , )h a a k  

(v)

2
2 2

2 2

( )
( ) ( )

lx my n
x y

l m
 

 
   



 (S) = ( , ) 

: 0lx my n  

= ( ) ( ) 0m x l y    

: 1) X-  2x ly my n  

2) Y- 2y lx mx n  

    , , ,l m n  0l 

XX

S(0,a)

A

Y

Y
y a = 0

XX

S

A

Y

Y
y ka = 0

x  h = 0

XX

Y

Y

S()

A
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1. 24 12 20 67 0y x y     

24 12 20 67 0y x y   

24 20 12 67y y x    

24( 5 ) 12 67y y x    

2 2

2 5 5 5
4 2. 12 67

2 2 2
y y x

    
               

2 2
5 5

4 12 67
2 2

y x
    

         
     

2
5 25 12 67

2 4 4

x
y

    
     

   

2
5 12 67 25

2 4 4

x
y

  
    

 

2
5 12 42

2 4

x
y

  
   

 

            

42
12

12

4

x
 

  
 

2
5 7

3
2 2

y x
   

       
   

 

2( ) 4 ( )y k a x h     

 
5 7 3

, , 4 3
2 2 4

k h a a


        

7 5 3
, ,

2 2 4
h k a


   

2( ) 4 ( )y k a x h     ( , )h k ,  ( , )h a k

   
7 5

( , ) ,
2 2

h k
 

  
 

.
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                       = S = ( , )h a k

7 3 5
,

2 4 2

 
  
 

17 5
,

4 2

 
  
 

.

2. 2 6 6 6 0x x y     

 2 6 6 6 0x x y   

                   2 2 22. .3 3 3 6 6 0x x y      

                   2 22. .3 3 6 3x x y    

                   
2 3

( 3) 6
6

x y
 

    
 

                   
2 1

( 3) 6
2

x y
  

      
  

 

                  2( ) 4 ( )x h a y k    

                   
1

3, , 4 6
2

h k a    

         
3

2
a 

  
1

( , ) 3,
2

h k
 

  
 

     = 
1 3

( , ) 3, (3,1)
2 2

h k a
 

     
 

.

3. 2 6 2 5 0y y x     

2 6 2 5 0y y x   

2 2. .3 2 5 0y y x    

2 2 22. .3 3 3 2 5 0y y x      

2( 3) 2 4y x   

2( 3) 2( 2)y x   

 2( ) 4 ( )y k a x h    

3, 2, 4 2k h a    
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1
3, 2,

2
k h a      .

 0 3 0y k y     .

x h a  

1
2 0

2
x   

2 5 0x   .

4. 24 12 20 67 0x x y     

   24 12 20 67 0x x y   

24[ 3 ] 20 67 0x x y    

2 3
4 2. . 20 67 0

2
x x y
 

     
 

2 2

2 3 3 3
4 2. . 20 67 0

2 2 2
x x y
    

          
     

2
3 9

4 20 67 0
2 4

x y
  

       
   

2
3

9 20 67 0
2

x y
 

      
 

2
3

4 20 58 0
2

x y
 

     
 

2
3

4 20 58
2

x y
 

    
 

2
3 58

4 20
2 20

x y
   

      
   

2
3 20 29

2 4 10
x y

   
      

   

2
3 29

5
2 10

x y
   

      
   

 

2( ) 4 ( )x h a y k    
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3 29

, , 4 5
2 10

h k a


    

              
3 29 5

, , 4
2 10 4

h k a


   

 0x h 

3
0 2 3 0

2
x x      .

y k a  

29 5

10 4
y


  

29 5
0

10 4
y   

20 58 25
0

20

y  
 

20 33 0y   .

5.

(i) 2 4 4 3 0y x y    (ii)  2 2 4 3 0x x y   

(i) 2 4 4 3 0y x y   

2 2. .2 4 3 0y y x    

2 2 22. .2 2 2 4 3 0y y x      

2( 2) 4 4 3 0y x     

2( 2) 4 7y x    

2 7
( 2) 4

4
y x

 
     

 
 

2( ) 4 ( )y k a x h     

 2k  ,  4 4a   , 
7

4
h 



         
7

2, 1,
4

k a h    
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7

( , ) , 2
4

h k
 

   
 

.

 
7

, 1, 2
4

h a k
 

     
 

                    
3

, 2
4

 
  
 

.

7
1

4
x h a x    

                    4 11 0x   .

0y k    2 0y   .

(ii)   2 2 4 3 0x x y   

2 2 22. .1 1 1 4 3 0x x y      

2( 1) 1 4 3 0x y     

2( 1) 4 4x y    

2( 1) 4( 1)x y      

2( ) 4 ( )x h a y k     

1, 1, 4 4 1h k a a     

  ( , ) (1,1)h k  .

   ( , ) (1,0)h k a   .

   y k a 

             0 2 0y k a y       .

  0x h 

       1 0x   .

6. (2, 1), (1, 2), (1, 3) X-

X-

2ly my n x           __(1)

( A  P, B, C )

 P(2, 1) 

2(1) (1) 2l m n    

2l m n     ___ (2)
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B = (1, 2), C  (1, 3) 

2(2) (2) 1l m n    and 2(3) (3) 1l m n   

4 2 1l m n       __ (3)  and  9 3 1l m n       __ (4)

(2), (3), (4)   , ,l m n  

2 (2)

4 2 1 (3)

3 3 (5)

l m n

l m n

l m

    

   

    

2 (2)

9 3 1 (4)

8 2 1 (6)

l m n

l m n

l m

    

    

    

(3 3)l m       __(5)

   8 2 1l m      __(6)

  

6 2 6

8 2 1

2 5

l m

l m

l

 

 

    
5

2
l  

(5)  
15

3
2

m  

      
15 21

3
2 2

m   

21

2
m 

(2) 2n l m   

5 21
2 10

2 2
n    

        10n 

, ,l m n  (1) 

25 21
10

2 2
y y x


  

25 21 20

2

y y
x

  
 

25 21 20 2y y x    

25 21 2 20 0    y y x .
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7. (4, 5), (2, 11), R = (4, 21)  Y-

Y-

2lx mx n y    __(1)

 P(4, 5) 

2(4) (4) 5l m n    .

16 4 5l m n           __(2)

Q(2, 11), R(4, 21) 

2( 2) ( 2) 11l m n          and   2( 4) ( 4) 21l m n    

4 2 11l m n         ___(3) 16 4 21l m n      ___(4)

(2), (3), (4)   , ,l m n  

   (2) 16 4 5l m n    (3)  4 2 11l m n   

   (3)   4 2 11l m n   (4)   16 4 21l m n  

    12 6 6l m   12 2 10l m   

6 3 3 (5)l m          6 5l m    __(6)

(5)      6 3 3l m  

(6)     6 5l m   

      4 8m      2m  

(6)         6 2 5l   

6 5 2l   

        6 3l  

        
1

2
l 

l, m  (3) 

         
1

4 2( 2) 11
2

n
 

     
 

2 4 11n   

5n 

, ,l m n  (1) 

    
21

( 2) 5
2

x x y   
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2 4 10

2

x x
y

 
 

2 4 10 2x x y   

2 4 2 10 0x x y    

8.  (2, 3),  2 3 4 0x y    

 ( 2,3)S   ,  2 3 4 0x y  

SP = PM.

P = 1, 1( )x y  

       SP = PM (P 

2 2 1 1
1 1

2 2

2 3 4
( 2) ( 3)

2 3

x y
x y

 
    



   
22 2

1 1 1 113 ( 2) ( 3) 2 3 4x y x y       

2 2 2 2

1 1 1 1 1 1 1 1 1 113( 4 4 6 9) 4 9 16 12 24 16x x y y x y x y y x           

2 2

1 1 1 1 1 19 12 4 68 54 153 0x x y y x y      

 P 

2 29 12 4 68 54 153 0x xy y x y      

= 4a

= 2(2a)

= 2 x 

= 2 x SZ

2 2

2( 2) 3(3) 4
2

2 3

  
 


 : 

1 1

2 2

ax by c

a b

 



1
2

13
 

1 1( ) Sx y 

2

13


    
2

3


 

3

2
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3

2
 S( 2,3)

                  
3

3 ( 2)
2

y x  

       3 2 12 0x y    .

9.  S(1, 7),  A(1, 2) 

 = S (1, 7) 

 = A (1, 2) 

x-  AS


 y-

A (1, 2)   2( ) 4 ( )x h a y k   

2( ) 4 ( )x h a y k   

 S = (1, 7) 

2( ) 4 ( )x h a y k   

AS = 2 2(1 1) ( 2 7) 5a      

  

2( 1) 4(5)( 2)x y   

2( 1) 20( 2)x y     .

10. 2 6y x  (6, 6) 

 2S 6 0y x  

1 1( , ) 6, 6)x y    

    2

11 16S y x 

        = 2(6) 6(6)

        36 36 

        = 0

   
11 0S     (6, 6) , S = 0 
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11. 2 8y x  10 

2 8y x
1 1( , )P x y  

2

1 18y x ___(1)

2 8y x  
2 4y ax  

4 8 2a a  

P  = 10 

1 10x a  

1 2 10x           1 8x 

(1)   2

1 8(8) 64y  

1 64 8.y    

  
1 1( , ) (8,8) & (8, 8)x y   .

12. 2 8y x  
1

, 2
2

 
 
 

 

2 8y x , 
2 4y ax   4 8 2a a  

 = (a, 0) = (2, 0)

PB  

 2

1 1

1
P  at , 2 , 2

2
at

 
   

 
 ( )

    2

1

1

2
at  , 

12 2at   
12.2. 2t 

        1

1

2
t 

 2

2 2B , 2at at  

PB , 
1 2 1t t  

             2

1

1 1
2.

1/2
t

t

 
    

    22

2 2B ,2 2 2 ,2(2)( 2)at at    

     = (8, 8) .  PB  
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13. x- ‘a’, ‘ a ’ 

x-  a, a

A ( ,0)a   S = ( ,0)a

AS  = ( )a a 

 2( ) 4 ( )y k a x h   , 

(h, k) = A =  & a = AS.

  

     2( 0) 4( )( )y a a x a   

 2 4( )( )y a a x a    .

14. 2 4y ax  y-  1 2 3,y y y  

 1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
    

2 4y ax      ___(1)

1 1 2 2,
P( ), Q( , )x y x y , 3 3R( , )x y

2

1 14y ax , 2

2 24y ax , 2

3 34y ax

 

22 2

31 2
1 2 3, ,

4 4 4

yy y
x x x

a a a
   

  ΔPQR 2 1 3 1

2 1 3 1

1
= 

2

x x x x

y y y y

 

 

22 2 2

32 1 1

2 1 3 1

1
= 4 4 4 4

2

yy y y

a a a a

y y y y

 

 

   2 2 2 2

2 1 3 1

2 1 3 1

1 1
=

2 4

y y y y

a y y y y

 

 

2 1 2 1 3 1 3 1

2 1 3 1

( )( ) ( )( )1

8

y y y y y y y y

y y y ya

   


 

2 1 3 1

2 1 3 1

1
( )( )

1 18

y y y y
y y y y

a

 
  

1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
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2

1 1 1 1P ( , ) ( ,2 )x y at at 

Q = 2

2 2 2 2( , ) ( , 2 )x y at at

R = 2

3 3 3 3( , ) ( , 2 )x y at at   2 4y ax  

2 1
1 1 1 1 1, 2

2

y
x at at y t

a
    .

      

2 2 2

1 1 1
1 22 4 4

y ay y
x a

a a a

 
    

 

PQR  = 1 2 3

1
( )

2
x y y

                

2

1
2 3

1
( )

2 4

y
y y

a
 

                

22 2

31 2
2 3 3 1 1 2

1
( ) ( ) ( )

2 4 4 4

yy y
y y y y y y

a a a

 
      

 

                
2 2 2

1 2 3 2 3 1 3 1 2

1
( ) ( ) ( )

2 4
y y y y y y y y y

a
     



                
2 2 2 2 2 2

1 2 1 3 2 3 1 2 1 3 2 3

1

8
y y y y y y y y y y y y

a
     

                1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
     

1 2 2 3 3 1( )( )( )y y y y y y  

2

1 2 2 3 1 2 3 1 3( )( )y y y y y y y y y    

2 2 2 2 2 2

1 2 1 3 2 3 1 2 1 3 2 3 .y y y y y y y y y y y y     

  PQR = 1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
    

15. 2 4y ax  
1 1( , )x y , 

2 2( , )x y  
2

1 2x x a , 
2

1 2 4y y a   

2 4y ax PQ  2

1 1 1 1( , ) ( , 2 )P x y at at ,

2

2 2 2 2( , ) ( , 2 )Q x y at at  = S = (a, 0)
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P, S, Q 

  PS


 = SQ


 

  
1 2

2 2

1 2

2 0 2 0at at

at a at a

 


 

1 2

2 2

1 2

2 2

( 1) ( 1)

at at

a t a t
 

 

1 2

2 2

1 21 1

t t

t t
 

 

   2 2

1 2 2 11 1t t t t   

2 2

1 2 1 1 2 2 0t t t t t t    

 1 2 2 1 2 1( ) 0t t t t t t    

 1 2 2 1( 1) 0t t t t   

1 2 1t t   = 0  
1 2t t

1 2 1t t   .....(1)

 
2 2

1 2 1 2. .x x at at

            = 2 2 2 2 2

1 2( ) ( 1)a t t a a  

      
1 2 1 22 .2y y at at

           = 2

1 24a t t

          24 ( 1)a 

          24a  .  

16. 2 4y ax  PQ, SP = l, SQ = l   
1 1 1

l l a
 


 

2

1 1P ( ,2 )at at , 2

2 2Q ( ,2 )at at

PQ 

1 2 1t t  

SP = l ( )



137

2 2 2

1 1SP ( ) (0 2 )l a at at     

          2 2 4 2 2 2 2

1 1 12 4a a t a t a t   

          2 2 4 2 2

1 12a a t a t  

          2 2

1( )a at 

          2

1a at 

 SQ = 2 2 2

2 2( ) (0 2 )l a at at    

               2 2 2 2

2 2( ) 4a at a t  

               2 2

2( )a at 

               

2
2 1
2 2 2

1 1

a at a
a at a

t t


    

1 2 1t t  

     
21 2

11

2

1

1 1 1 1

at al l a at

t

   
        

2

2 2

1

1
t

t


             

2

1

2 2

1 1

1 t

a at a at
 

 

             

2

1

2

1

1 t

a at






            
 
 

2

1

2

1

1 1

1

t

aa t


 



1 1 1

l l a
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4

'e'  

 

2 2

2 2
1,

x y
a b

a b
  

 : 

2 2

2 2
1, ( 0)

x y
a b

a b
   

(i) y = 0 x = ±a.  X-  A(a, 0), A'(–a, 0) 

AA' = 2a. x = 0 y = ±a.  Y- B(0, b), B'(0, –b) 

BB'= 2b.

2a, 2b AA', BB' a > b  AA'

BB' a < b AA' BB'

1.

2.

3.  

 S, S', A, A' 

2 2

2 2
1, ( )

x y
a b

a b
   .

 b2 = a2 (1–e2),    0 < e < 1



139

C =  = (0, 0), S =  = (ae, 0), S' =  = (–ae, 0)

= SS' = 2ae.

: CZ , Z ,0
a a a

x
e e e

 
      

Z' , 0
a a

x
e e

 
      

 CZ , Z ,0
a a a

x
e e e

 
      

, Z' , 0
a a

x
e e

 
      

 = ZZ' = 2
a

e
.

:  AA' = 2a

[A = (a, 0), A' = (–a, 0)]

: BB' = 2b [  B = (0, b), B' = (0, –b)]

  = C = SS' 

= AA' 

= ZZ' 

a = b  1
2

2

2

2


b

y

a

x
 ‘a’

a   b 

(i)  )0(1
2

2

2

2

 ba
b

y

a

x
(Fig.  4.4)

X-

(A A ) 2a

Y-

(B B ) 2b

 C = (0, 0)

  S = (ae, 0),

S= (ae, 0)

  x = a/e

  x = a/e    Fig

 e  = 
2

22

a

ba 

X
Z A  S C S N A

P
B

M M

X
Z

B

Y



Y
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(ii) )0(1
2

2

2

2

 ba
b

y

a

x
(0 < a <  b) (Fig. 4.5)

Y-

(B B ) 2b

X-

( A A ) 2a

 C = (0, 0)

 S = (0, be)

S  = (0, be)

   y = b/e

  y = b/e

  e = 
2

22

b

ab 
      Fig.

XY-  (h, k) 

(i), (ii) (h, k) 

(iii), (iv)  

(iii) 

2 2

2 2

( ) ( )
1, ( 0)

x h y k
a b

a b

 
     (Fig. 4.6)

y = k 

(A A ) 2a

x = h 

(B B ) 2b

C  = (h, k)

 S = (h+ae, k)

S= (hae, k)

  x = h+a/e

  x = ha/e

 e  = 
2

22

a

ba 
         Fig
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(iv)  
2 2

2 2

( ) ( )
1, (0 )

x h y k
a b

a b

 
    ,  (Fig. 4.7)

x = h 

(B B ) 2b

y = k 

( A A ) 2a

 C = (h, k)

   S = (h, k + be)

 S= (h, kbe)

  y = k+b/e           Fig.

  y = kb/e

 e  = 
2

22

b

ab 

S, S'

2 2

2 2
1, ( )

x y
a b

a b
    P(x, y) 

SP + S'P 

2 2

2 2
1, ( )

x y
a b

a b
    S, S' ZM, Z'M' 

P P x- PL,  M'M.
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SP = e(PM) = e(LZ) = e(CZ – CL) = e
a

x
e

 
  

S'P = e(PM') = e(LZ') = e(CL + CZ') = e
a

x
e

 
  

SP + S'P = 2a =  = 

     SP + S'P = e(PM + PM') = e(MM')

 = e ×  = e × 
2a

e
=2a = 

(Auxiliary Circle)

 

2 2

2 2
1, ( )

x y
a b

a b
     

2 2 2x y a  .

P PN Q

 ACQ P 

0   < 2.

2 2

2 2
1

x y

a b
   x = a cos, y = b sin

P() = (acos, bsin ) 

2 2

2 2
S 1

x y

a b
  

1 1
1 2 2

S 1
xx yy

a b
  

2 2

1 1
11 2 2

S 1
x y

a b
  

1 2 1 2
12 2 2

S 1
x x y y

a b
  

S
11

  P(x
1
, y

1
) 
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(Director Circle)

S = 0  
2 2 2 2x y a b    

1. 2 0x y    
2

3
e  ,  (1, –1) 

S = (1, –1), 
2

3
e  ,  2 0x y    

P(x
1
, y

1
) 

SP

PM
e  ............ (1)

P PM

1 1

2 2
PM

ax by c

a b

 
 



   
1 1

2 2

2

1 1

x y 




(1) 

 SP = e PM

1 12 2

1 1

22
( 1) ( 1)

3 2

x y
x y

 
    

2

1 12 2

1 1

4 2
( 1) ( 1)

9 2

x y
x y

 
    



2 2

1 1 1 1 1 17 7 4 26 10 10 0x y x y x y      

 P(x
1
, y

1
) 

2 27 7 4 26 10 10 0x y xy x y     

 

2.
15

2
, 

2 2

2 2
1

x y

a b
   

 = 2ae = 2  ae = 1.
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 = 

22 15

2

b

a


24 15b a 
2 2 2 2 2 2(1 )b a e a a e   

2 2 24 15a a e a    

2 2 24 4 15 0a a e a   

24 15 4 0a a   
2 2 2 2( ) 1 1a e ae  

(4 1)( 4) 0a a   

1
or 4

4
a


 

4a  a  
1

4
a




2 2 2 2 16 1 15b a a e     

   

2 2

2 2
1

x y

a b
  .

     

2 2

1
16 15

x y
  

3. 8, 32 

 

2 2

2 2
1

x y

a b
   

 = 2ae = 8  ae = 4.

 
2

32 16.
a a

e e
  

, 24 16 64 8.
a

ae a a
e

      

2 2 2 2 2 2 2(1 ) 64 (4) 64 16 48.b a e a a e        

 
2 2 2 2

2 2
1 1

64 48

x y x y

a b
     .

4.

 

2 2

2 2
1

x y

a b
   

 = 
1

2
 × 
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2
2 22 1

(2 ) 2
2

b
a b a

a
   

2 2 22 (1 )a e a    

22(1 ) 1e  

2 1
1

2
e  

2 1 1 1
1

2 2 2
e e     

  
1

2
e  .

5. (–2, 2), (3, –1) 

2 2

2 2
1

x y

a b
   

(–2, 2), (3, –1) 

 
2 2

2 2

2 2
1

a b


     

   
2 2

2 2

3 1
1

a b


 

2 2

1 1
4 4 1

a b

   
       

   
   2 2

1 1
9 1 1

a b

   
         

2 2

1 1
,m n

a b
   

4m + 4n = 1

9m +   n = 1

4m + 4n = 1

36m + 4n = 4

–32m  = –3

3 3 5
1 9 1 9

32 32 32
m n m        

 
2 2

2 2

1 1
1x y

a b

   
       

2 2 1x m y n  

2 23 5
1

32 32
x y
   

        

2 23 5 32x y   . 



Basic Learning Material - Maths II(B)146

6. (5, 0), (–5, 0)  3x – 5y – 9 = 0 

 A(5, 0)  A'(–5, 0).

AA'  = C  = 

          
5 ( 5) 0 0

, (0, 0)
2 2

   
   

  
2 2

2 2
1

x y

a b
   A = (5, 0) = (a, 0)  a = 5.

 (ae, 0) = (5e, 0),  3x – 5y – 9 = 0  

 3(5e) – 5(0) – 9 = 0

 15e – 9 = 0

9

15 5
e


  

2 2 2 9
(1 ) 25 1 16

25
b a e

 
       

 
2 2

2 2
1

x y

a b
  .

2 2
2 21 16 25 400.

25 16

x y
x y     

7.

2 2

2 2
1

x y

a b
   

 = 3 × 

 2a = 3 × 2b   a = 3b

     2 2 2(1 )b a e 

2 2 2(3 ) (1 )b b e  

2 2 29 (1 )b b e  

2
2

2
(1 )

9

b
e

b
  

2 1 8
1

9 9
e   

8 2 2

9 3
e    = 
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8.

(i) 9x2 + 16y2 = 144 (ii) 4x2 + y2 –8x + 2y +1 = 0 (iii) x2 + 2y2 –4x + 12y +14 = 0

(i)  9x2 + 16y2 = 144

2 2 2 29 16
1 1

144 144 16 9

x y x y
     

2 2

2 2
1

x y

a b
   

a2 = 16, b2 = 9   a = 4,   b = 3.

a > b  b2 = a2(1–e2)

 9 = 16(1–e2)

  
29

1
16

e  

  
2 9 7

1
16 16

e   

  
7 7

16 4
e  

a > b   

(i)  = 2a = 8.

(ii)  = 2b = 6.

(iii)  = 

22 2.9 9

4 2

b

a
 

(iv)  = 
7

4
e 

(v)  = (0, 0)

(vi)  = (±ae, 0) = ( 7 , 0)

(vii) : 
16

7 16
7

a
x x x

e
       

(ii) 4x2 + y2 –8x + 2y +1 = 0

2 2(4 8 ) ( 2 ) 1 0x x y y      

2 2 2 24( 2 ) ( 2. .1 1 1 ) 1 0x x y y       

2 2 2 24( 2. .1 1 1 ) ( 1) 0x x y      
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2 24[( 1) 1] ( 1) 0x y     

2 24( 1) 4 ( 1) 0x y     

2 24( 1) ( 1) 4x y    

   
2 2

4 1 1 4

4 4 4

x y 
  

   
2 2

1 1
1

1 4

x y 
  

   
2 2

2 2
1

x h y k

a b

 
   

h = 1, –k = 1  k = –1,

a2 = 1 a  = 1,  b2 = 4  b = 2

 a < b.

 The ellipse is a vertical ellipse.

2 2 2 2(1 ) 1 4(1 )a b e e    

2 21 1 3 3
1 1

4 4 4 2
e e e        

(i)   = 2b = 4.

(ii)  = 2a = 2.

(iii) = 

22 2.1
1

2

a

b
 

(iv) = 
3

2
e 

(v)  = (h, k) = (1, –1)

(vi) = (h, k±be) = (1, 1 3  )

(vii)  : 
4

1 3 3 4
3

b
y k y y

e
          

(iii) x2 + 2y2 –4x + 12y +14 = 0

x2 –4x + 2y2  + 12y +14 = 0

2 2( 2. .2) 2( 6 ) 14 0x x y y     

2 2 2 2 2 2( 2. .2 2 2 ) 2( 2. .3 3 3 ) 14 0x x y y         

2 2( 2) 4 2[( 3) 9] 14 0x y       

2 2( 2) 4 2( 3) 18 14 0x y       
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2 2( 2) 2( 3) 8x y    

2 2( 2) 2( 3)
1

8 8

x y 
  

2 2( 2) ( 3)
1

8 4

x y 
  

   
2 2

2 2
1

x h y k

a b

 
   

h = 2, k = –3

a2 = 8 a  = 2 2 ,  b2 = 4  b = 2

 a > b  

2 2 2 2(1 ) 4 8(1 )b a e e    

2 24 4 4 1 1
1 1

8 8 8 2 2
e e e         

(i)   = 2a = 4 2 .

(ii) = 2b = 4.

(iii)  = 

22 2.4 4 4 2 4 2
2 2

22 2 2 2 2

b

a
     

(iv)   = 
1

2
e 

(v) = C = (h, k) = (2, –3)

(vi) = (h±ae, k) = (2±2, –3) = (4, –3), (0, –3)

(vii)  : 
2 2

2 2 4
1

2

a
x h x x

e
          

2 4, 2 4x x      

6 0, 2 0x x      

9.
   

2 2

2 2
1

x h y k

a b

 
   

(i)  = (2, –1);  = (2, –5) ,  e 
1

3


(ii)  = (4, –1);  (–1, –1) (8, 0) 

(iii)  = (0, –3); 
2

3
e  ,  = 5

(iv)  = (2, –1); 
1

2
e  ,  = 4
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 (i)  = (2, –1) = (h, k)

 = B = (2, –5) = vertex

C, B x-

CA


,  y-

C, B 

 y-

The ellipse is a vertical ellipse.

2 2CB (2 2) ( 1 5) 4b      

1

3
e   

2 2 2(1 )a b e  

2 1 8 128
16 1 16

9 9 9
a

 
       

 
       

2 2 2 2

2 2

2 5
1 1

128 16

9

x h y k x y

a b

   
    

   
2 2

9 2 5
1

128 16

x y 
  

(ii) = C = (h, k) =  (4, –1)

 = A = (–1, –1)

C, A y-

CA


,  x-

C, A 

 x-

 2 2C A (4 1) ( 1 1) 5a      

  
       

2 2 2 2

2 2 2

4 1
1 1

25

x h y k x y

a b b

   
      ............... (1)

(8, 0) 

 
2 2 2

2 2

8 4 1 1 16 9
1 1

25 25 25b b


      

(1) 

 
 

 
 

2 2

2 2

2

4 41 9
1 1 1 1

25 25 25

x x
y y

b

 
         

CB
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2 2

4 9 1 25x y    

(iii)  = (0, –3); 
2

3
e  ,  = 5

 (i)  = C = (h, k) =  (0, –3)

 = 
2

5
2

b
b    ( )

2 2 22
(1 )

3
e b a e   

2 2 24 5 9
25 1 25 25 45

9 9 5
a a a
   

              

  
       

2 2 2 2

2 2

0 3
1 1

45 25

x h y k x y

a b

   
     .

 (ii)  = C = (h, k) =  (0, –3)

 = a = 5  (when the ellipse is a vertical ellipse)

2 2 22
(1 )

3
e a b e   

2 24
25 1 45

9
b b
 

      

 
       

2 2 2 2

2 2

0 3
1 1

25 45

x h y k x y

a b

   
     .

(iv)  = (2, –1); 
1

2
e  ,  = 4

 (i)  = C = (h, k) =  (2, –1), 
1

2
e 

 = 

22
4

b

a
   ( )

2 22 4 2b a b a   

2 2 1
(1 ) 2 1 2

4
a e a a

 
       

3 8
2

4 3

a
a   

2 16
2

3
b a  
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2 2 2 2

2 2

2 1
1 1

64 16

9 3

x h y k x y

a b

   
     .

       
   

2 2
9 2 3 1

1
64 16

x y 
  

 (ii)  = C = (h, k) =  (2, –1),  
1

2
e 

 = 
22

4
a

b
   (for  vertical ellipse)

2 22 4 2a b a b   

2 2 1 8
(1 ) 2 1 2

4 3
b e b b b

 
         

2 16
2

3
a b  

  
       

2 2 2 2
2 1 3 2 9 1

1 1
16 64 16 64

3 9

x y x y   
     .

10. 9x2 + 16y2 = 144  

 9x2 + 16y2 = 144

2 2 2 29 16
1 1

144 144 16 9

x y x y
     

 
2 2

2 2
1

x y

a b
   

a2 = 16, b2 = 9   a = 4,   b = 3.

a > b 

 b2 = a2(1–e2)

 9 = 16(1–e2)

29
1

16
e  

2 9 7
1

16 16
e   

     S ( ,0) 7, 0 , S' ( ,0) 7, 0ae ae     
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 S, S' 

1 2 1 2( )( ) ( )( ) 0x x x x y y y y     

  7 7 ( 0)( 0) 0x x y y      

2 27 0x y   

 
2

2 2 7x y  

  7 

11.

2 2

2 2
1

x y

a b
   '', '' 

cos sin cos
2 2 2

x y

a b

          
           

 

 
2 2

2 2
1

x y

a b
  .

'', '' 

P = (a cos, b sin), Q = (a cos, b sin)

 PQ  
2 1

1 1

2 1

( )
y y

y y x x
x x


  



sin sin
sin ( cos )

cos cos

b b
y b x a

a a

  
     

  

(sin sin )
sin ( cos )

(cos cos )

b
y b x a

a

  
     

  

.2cos .sin
2 2sin ( cos )

2sin .sin
2 2

b

y b x a

a

    

     
     

  

cos
2( sin ) ( cos )

sin
2

b

y b x a

a

 

      
  .......... (1)

cos
sin 2 ( cos )

sin
2

y b
x a

a
a

 
 

    
 



Basic Learning Material - Maths II(B)154

cos
cos2sin

sin
2

y x a

b a a

 
 

         

sin sin cos cos
2 2

y x

b a

      
            

sin sin sin cos cos cos
2 2 2 2

y x

b a

       
      

cos sin cos cos sin sin
2 2 2 2

x y

a b

       
     

         = cos
2

   
  

 

        cos
2

  


cos sin cos
2 2 2

x y

a b

        
        

'', '' 

Eq. (1)

sin cos
2 2

( sin ). ( cos )y b x a
b a

      
      

     

sin cos
2 2

( sin ). ( cos )y b x a
b a

      
      

     

sin sin sin cos cos cos
2 2 2 2

y x

b a

       
      

cos sin cos cos sin sin
2 2 2 2

x y

a b

       
     

       cos
2

   
   

 

       cos
2

  


 cos sin cos
2 2 2

x y

a b

     
  . 
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12.

2 2

2 2
1

x y

a b
  , a > b 

1
, 

2
, e

(i)  
1 2 1 2cos cos

2 2
e

       
      

(ii)  
1 21

cot .cot
1 2 2

e

e

     
       

 

(i) 
2 2

2 2
1

x y

a b
   P(

1
), Q(

2
).

 = S = (ae, 0)

 
1
 = P = (a cos

1
, bsin

1
)

 
2
 = Q = (a cos

2
, bsin

2
)

P, S, Q 

 SP = SQ 

1 2

1 2

sin 0 sin 0

cos cos

b b

a ae a ae

   
 

   

1 2

1 2

sin sin
.
cos cos

b b

a e a e

 
 

   

1 2 2 1sin (cos ) sin (cos )e e       

1 2 1 2 1 2sin cos sin sin cos sine e         

2 1 2 1 2 1sin sin sin cos cos sine e         

2 1 2 1[sin sin ] sin( )e      

1 2 2 1 2 1 2 1.2cos .sin 2sin .cos
2 2 2 2

e
               

               

1 2 1 2cos cos
2 2

e
       

        .

(ii)
1 21

cot .cot
1 2 2

e

e

     
       

(i) 1 2 1 2cos cos
2 2

e
       

      

1 2

1 2

cos
2

cos
2

e
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1 2

1 2

1 2

1 2

cos
2

1

cos
1 2

1
cos

2
1

cos
2

e

e

  
  


   

  
 

   
  


   

  

 

1 2 1 2

1 2

1 2 1 2

1 2

cos cos
2 2

cos
2

cos cos
2 2

cos
2

       
      

   
  


       

      

   
  

   

1 2 1 2 1 2

1 2 1 2 1 2

cos cos 2cos cos
2 2 2 2 2 2

cos cos 2sin sin
2 2 2 2 2 2

            
                

 
            

                

cos(A+B) + cos(A B) = 2 cosA cosB

cos(A B)  cos(A+B) = 2 sinA sinB 

  
 

  

   
1 2cot .cot

2 2

    
       

    
1 21

cot .cot
1 2 2

e

e

     
        

. 
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2 2

2 2
1

x y

a b
       2 2 2 1b a e  ,  e > 1

(Trace of the Curve)

 

2 2

2 2
S 1 0

x y

a b
    ,  a > 0, b > 0, 2 2 2( 1)b a e 

(i) x- A(a, 0), A1(a, 0) 

(ii) 20x y b       y-

5

B

B
M

P

N S
X

AZCA Z
X

Y

Y

S'
.
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(iii)
2 2 2 2 , 0

b
y x a x a

a
      orx a a   

2 2a
x y b y

b
       x 

2 2a
x y b y

b
     

x a  , x a  

y x  y k

x y 

(iv) y 

 Y-



(v) X- 1AA  Y--

1BB  

BC = 1 2B C 1b a e    Y-- B, B' .

(vi)

S ( ,0)ae , S ( ,0)ae   ,  
a

x
e

   

(vii) C 

: C S, S ZM


, Z M 


 

P( , )x y

M P

N SZCS Z

M

XX

Y

Y
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P  X-  PN, PM, PM

SP = e(PM) = e(NZ) = e(CNCZ) = 
a

e x ex a
e

 
   

 
.

S P = e(PM ) = e(NZ ) = e(CN + CZ ) = e
a

x ex a
e

 
       

 
.

S P SP ( ) ( ) 2ex a ex a a       

 

:

2 2

2 2
S 1

x y

a b
   1 1

1 2 2
S 1

xx yy

a b
  

2 2

1 1
11 2 2

S 1
x y

a b
   1 2 1 2

12 2 2
S 1

x x y y

a b
  

(Definition Rectangular Hyperbola)

(2a), (2b) 

 2 2 2x y a  .

2 2 2 2 2( 1) 1 1 2 2b a a a e e e e          

 2 .

(Auxiliary Circle)

 S = 0 2 2 2x y a  .

(Parametric equation)

M

P(x, y)

XA



CA
X

Y

Y

a

Q
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S = 0  2 2 2x y a  .

P( , )x y C 

P M  M  QM 

θMCQ   

secθ

 =  tan θ

x a

y b


  S = 0 

3
θ [0,2 ), θ ,

2 2

 
 

 (Conjugate Hyperbola)

2 2

2 2
1

x y

a b
     

2 2

2 2
1

x y

a b
  

S = 

2 2

2 2
1 0

x y

a b
     

2 2

2 2
S 1 0

x y

a b
    

1.
3

2
,   (1, –3),  y = 2 

 
SP

PM
e .

3
S (1, 3), ,

2
e    2 0y    

1 1P( , )x y

SP

PM
= e
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PM = P 

SP e PM 

2 2 1
1 1

2 2

3 2
( 1) ( 3)

2 0 1

y
x y


    



:-

2 2 2

1 1 1

9
( 1) ( 3) ( 2)

4
x y y    

1 1

2 2

ax by c

a b

 



2 2 2

1 1 1 1 1 1

9
1 2 9 6 ( 4 4 )

4
x x y y y y          0ax by c  

2 2 2

1 1 1 1 1 14( 2 6 10) 9 36 36x y x y y y         . 1. 2 0o x y  

2 2 2

1 1 1 1 1 14 4 8 24 40 9 36 36 0x y x y y y        

2 2

1 1 1 14 5 8 60 4 0x y x y     

 
1 1P( )x y  2 24 5 8 60 4 0x y x y     , 

2.
5

4
 

e, e' 

2 2

1 1
1

( )e e
 


 

5

4
e 

2 2

1 1
1

( )5

4

e
  

 
 
 

 
2

1 16 9
1

25 25e
    



 
2

25 25 5

1 9 9 3

e
e


    

    = 
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1. e, e
1
  2 2

1

1 1
1

e e
 

2 2

2 2
1

x y

a b
   ___ (1)

'e' = 

2
2 2 2 2

2
( 1) 1

b
b a e e

a
    

2 2 2
2 2

2 2
1

b a b
e e

a a


    

2

2 2 2

1 a

e a b
 


___ (2)

(1) 

2 2

2 2
1

x y

a b
  

1e  = 2 2 2

1( 1)a b e 

2
2

1 2
1

a
e

b
  

2 2 2
2

1 2 2
1

a b a
e

b b


   

2

2 2 2

1

1 b

e a b
 


__(3)

(2), (3) 

2 2

2 2 2 2 2 2

1

1 1 a b

e e a b a b
  

 

2 2

2 2
1

a b

a b


 


.

2.

(i) 2 216 9 144y x 

(ii) 2 29 16 72 32 16 0x y x y    

 (i) 2 216 9 144y x 
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2 29 16 144x y   

2 29 16 144

144 144 144

x y 
  

2 2

1
16 9

x y
   

(0, 0) 

y-

 2 2 2( 1)a b e  , 2 216, 9a b 

216 9( 1)e         4, 3a b 

2 16
1

9
e  

2 16 25
1

9 9
e   

5

3
e 

        = (0, 0)

    0, 0, 5be   

 e = 
5

3

 = 

22 32

3

a

b


 = 
b

y
c

 

9

5
y  

5 9 0y  

(ii)  2 29 16 72 32 16 0x y x y    

2 2(9 72 ) (16 32 ) 16 0x x y y     

2 2(9 8 ) 16( 2 ) 16 0x x y y     

 2 29[ 2. .4] 16[ 2. .1] 16x x y y   

2 2 2 2 2 29[ 2. .4 4 4 ] 16[ 2. .1 1 1 ] 16x x y y       
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2 29[( 4) 16] 16[( 1) 1] 16x y      

2 29( 4) 144 16( 1) 16 16x y      

2 29( 4) 16( 1) 144x y    

2 29( 4) 16( 1)
1

144 144

x y 
  

2 2( 4) ( 1)
1

16 9

x y 
  

2 2

2 2

( ) ( )
1

x h y k

a b

 
   

2 2 24, 1, 4, 3, ( 1)h k a b b a e       

2
2

2

9
1

16

b
e

a
   

 = ( , ) ( 4, 1)h k   
2 9 25

1
16 16

e   

( , ) ( 4 5, 1)h ae k     
5

4
e 

        = ( 4 5, 1), ( 4 5, 1)     

        = (1, 1) , ( 9, 1) 

5

4
e 

 : 
a

x h
e

  

16
4

5
x   

5 20 16x   

5 20 16x   , 5 20 16x   

5 4 0x   , 5 36 0x  

 = 

22 2 9 9

4 2

b

a


  .

3. 2,  (4, 2), (8, 2) 

S = (4, 2), S = (8, 2) , y- .

SS


, X-

   X-
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2 2

2 2

( )
1

x h y k

a b

 
  ___ (1)

 = C = ( , )h k  = SS
4+8 2 2

= ,
2 2

 
  

     (6, 2)

6, 2h k  

= SS' = 2 2(8 4) (2 2) 4   

e = 2 ( ) 2 4ae 

2. .2 4a 

1a 

2 2 2( 1)b a e 

    1(4 1) 3  

  

2 2

2

( 6) ( 2)
1

1 3

x y 
 

    

2 23( 6) ( 2)
1

3

x y  
 

2 23( 36 12 ) ( 4 4 ) 3x x y y      

2 23 36 4 101 0x y x y     

4.  6 

2 2

2 2
1

x y

a b
   

 = 2 6a     ( )

  3a 

 = CS 

C = (0, 0),  = S = (ae, 0),  = (a, 0)

0 0 0
( ,0) ,

2 2

ae
a
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2
2

ae
a e   

 2 2 2( 1) 9(4 1) 27b a e     .

5. 3 4 12x y  , 3 4 12x y   S = 0 S = 0

3 4 12x y  , 3 4 12x y   S = 0 

(3 4 )(3 4 ) 12 12x y x y   

2 29 16 144x y  

2 29 16 144

144 144 144

x y
  

2 2

1
16 9

x y
   . 

2 2 2( 1)b a e     a2 = 16, b2 = 9

29 16( 1)e  

29
1

16
e     

2 9 25
1

16 16
e   

25 5

16 4
e  
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6

R  E E 

f : E  R E F,  xE F'(x) = f (x). E 

F  f F f f  

f : I  R I f   F I  f  

c  F + c I f  

( )f x dx  (integral) f (x) dx  ( )f x dx f

( ) F( )f f x dx x c    .

'c' 

( )f x dx 'f '  'x'  

 (i)  ( ) ( )
d

f x dx f x
dx



(ii) '( ) ( )f x dx f x c  , 'c' 

( ) ( )
d

f x dx f x c
dx

 

(iii)    ( ) ( ) ( ) ( ) ( ) ( )
d d

f x c g x g x dx f x c f x c dx f x c
dx dx

         

(iv) ( ) '( )y f x dy f x dx  

1.

1

, 1
1

n
n x

x dx c n
n



   
 1.dx dx x c   
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2

.
2

x
x dx c 

3
2

3
2

x
x dx c 

1
2dx x c

x
 

3
2

3

x
x dx c 

4
3

4

x
x dx c 

2.
1

logedx x c
x

  3. . , 0, 1
log

x
x

e

a
a dx c a a

a
   

4.
x xe dx e c  5. sin cosx dx x c  

6. cos sinx dx x c  7.
2sec tanx dx x c 

8.
2cosec cotx dx x c   9. sec tan secx x dx x c 

10. cosec cot cosecx x dx x c  

(i) 2( ) 2d x x dx (ii) 2( ) 2d t t dt

(iii) 3 3 3 2 3 2( ) .3 .3d x y x y dy y x dx  (iv)
 

3 3 2 3 2

23 3
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1 1
1 1dx dy

x y

  
      

   
 

   log logx x y y c    

log logx x y y c     

log log 0x y x y c      . 
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5. 21 x
21 y dx + xy dy = 0 

xydy   21 x
21 y dx

2

2

1

1

ydy x dx

xy


  



 
2

2

1
1

1

ydy x dx

xy
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ydy
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1 2

2 1
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f x
dx f x

f x
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.2 1

2
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21 y 
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21 x

dx
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x
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.

1

tdt
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2 1

t
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1 1
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t
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2 2

1 1
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t
dt
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2

1
1

1
dt

t

 
  

 


2 21 x t   21t x  

2 2 21 1x t x t     

2 2xdx tdt 

tdt
dx

x
 

2.

dx tdt tdt

x x x x
  

2 1

tdt

t
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1 1
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2.1 1

t
t
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2
2

2

1 1 1
1 log

2 1 1

x
x c
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(1) 

2
2 2

2

1 1 1
1 1 log

2 1 1

x
y x c

x

  
      
   

2
2 2

2

1 1 1
1 1 log

2 1 1

x
y x c
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2

2 2

2

1
1 1 log

2 1 1

x
y x c

x

 
      

  

2 2

2
1 1 log

1 1

x
y x c
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 2 2 21 1 log log 1 1y x x x c        

6. 2 21 1 0x dy y dx     

 2 21 1 0x dy y dx   

2 21 1x dy y dx    

2 21 1

dy dx

y x


 

 

2 2

1 1

1 1
dy dx

y x
 

 
 

1 1sin siny x c    

1 1sin sinx y c    . 

2 2

2 2

1 1 1 1

1 1 1 1

x x

x x
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1 1
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21 1
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7.

2

2

1

1

dy y

dx x





 

2

2

1

1

dy y

dx x






2 21 1

dy dx

y x
 

 

2 21 1

dy dx

y x
 

  

1 1Tan y Tan x c   . 

8.
y xdy

e
dx

  

y xdy
e

dx



y

x

dy e

dx e
 

y x

dy dx

e e
 

y xe dy e dx  

y xe dy e dx   

1 1

y xe e
c

 

  
 

y xe e c    . 

9.    1 1 0xe ydy y dx     

   1 1 0xe ydy y dx   

   1 1xe ydy y dx    

1 1x

ydy dx

y e
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1 1x

ydy dx

y e


 

   ....................(1)

L.H.S: 
1

y
dy

y 

1 1

1

y
dy

y

 




1 1 1 1
1 1.

1 1 1 1

y
dy dy dy dy

y y y y

      
           

         
   

log | 1|y y  

RHS:
1x

dx

e  Put xe t

( 1)

dt

t t


 xe dx dt

1 1

1
dt

t t

 
  

 
 .

x

dt dt
dx

e t
 

log log 1t t  

log log 1x xe e c   

(1) 

log 1 log log 1x xy y e e c      

 log 1 log log( 1) logx xy y e e c      

( 1)( 1)
log

x

e x

y e c
y

e

  
  

 

1 1
1

x x
x

x x x

e e
e

e e e

 
    

 


( 1)( 1).x
y

x

y e c
e

e

 
 

( 1)(1 )y xe c y e   

Problems for Practice:

1.
2x y ydy

e x e
dx

    Ans:

3

3

y x x
e e c  

2. tan tan 0y dx x dy   Ans: sin .sinx y c
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10. 2 21 1 0x dx y dy     

2 21 1x dx y dy    

2 21 1x dx y dy    

2 1 2 11 1
1 sinh ( ) 1 sinh

2 2 2 2

x y
x x y y c  

        
 

2 2 1 11 1 sinh sinh 2x x y y x y c       

11.
dy xy y

dx xy x





 

dy xy y

dx xy x






( 1)

( 1)

dy y x

dx x y


 



1
.

1

dy y x

dx y x


 



1 1y x
dy dx

y x

 
 

1 1y x
dy dx

y y x x

   
      

  

1 1
1 1dy dx

y x

   
      

  

1 1
1 1dy dx

y x

   
      

  
 

log logy y x x c     . 

12.
dy

y x
dx

   

dy
y x

dx
  ____(1)

2y x t   
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diff   w.r.t  x

1 2
dy dt

t
dx dx

 

1 2
dy dt
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dx dx
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1 2
dt

t t
dx

 

1
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dt t
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1

2

t
dt dx
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2

1

tdt
dx
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.
2

1

t dt
dx
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1 1

2
1
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dt

t

 



1 1
2

1 1

t
dt
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1
2 1

1
dt

t

 
  

 


2 log 1t t     

(2) 

2 log 1t t x c      

2 log 1y x y x x c       
  . 

Problems for Practice

1. 1 x ydy
e

dx

   Ans: ( ) 0x ye x c    

Hint:    put x y t 
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13.
2(3 4)

dy
x y

dx
    

2(3 4)
dy

x y
dx

        ___ (1)

3 4x y t    

‘x’ 

3.1 + 0
dy dt

dx dx
 

3
dy dt

dx dx
  

(1) 

23
dt

t
dx

 

2 3
dt

t
dx

  

2( 3) .dt t dx  

2
.

3

dt
dx

t
 



2 3

dt
dx
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2 2

1

( 3)
dt dx

t
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tan

3 3

t
x c  

   
 

11 3 4
tan

3 3

x y
x c   

   
 

. 

14. tan( ) 1
dy

x y x
dx

    

y x t    1 .
dy dt

dx dx
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1 tan 1
dt

x t
dx

  

tan
dt

x t
dx

  

 cot .t dt x dx   cot t dt x dx  .

2

log | sin |
2

x
t c 

2

log sin( )
2

x
y x c   . 

15.
1sin

dy
x y

dx

  
  

 
 

1sin
dy

x y
dx

  
  

 

sin( )
dy

x y
dx

        __(1)

x y t   

‘x’ 

     1
dy dt

dx dx
 

1
dy dt

dx dx
  

(1) 

1 sin
dt

t
dx

 

1 sin
dt

t
dx

  

(1 sin )dt t dx  

1 sin

dt
dx

t
 



1 sin

dt
dx

t
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1 1 sin

1 sin 1 sin

t
dt dx

t t

 
   

  
 

2

1 sin

1 sin

t
dt dx

t


 

 

2

1 sin

cos

t
dt dx

t


  

2 2

1 sin

cos cos

t
dt dx

t t

 
   

 
 

 2sec tan sect t t dt dx   
2sec . tan sect dt t t dt dx    

tan sect t x c   

tan( ) sec( )x y x y x c      . 

16.
2tan ( )

dy
x y

dx
   

2tan ( )
dy

x y
dx

  ____ (1)

x y t   

‘x’ 

     1
dy dt

dx dx
 

1
dy dt

dx dx
  

(1) 

21 tan
dt

t
dx

 

21 tan
dt

t
dx

  

2sec t

2sec
dt

t
dx

 

2sec .dt t dx 

2sec

dt
dx

t
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2cos t dt dx 

2cos t dt dx 

1 cos2

2

t
dt dx


  

1
(1 cos 2 )

2
t dt dx   

1 sin 2

2 2

t
t x c
 

    
 

sin 2

2

2

t
t

x c



  

1
sin 2 2 2

2
t t x c    put t = x + y

 
1

sin 2 0
2

x y x y c      .
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